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Abstract—Most transit exoplanets (85%) were discovered with the Kepler space telescope. However, the
mass, which was measured mainly with the radial velocity method, is known only for ~15% of them. The mass
of an exoplanet may be estimated by its radius from the statistical dependences based on the observational
data, though no unambiguous interrelation between the mass and the radius of planets exists. Here, we cal-
culate the earlier unknown masses of exoplanets from four statistical mass–radius relationships (Bashi et al.,
2017; Chen and Kipping, 2017; Ning et al., 2018, and the averaged dependence derived) and added the results
to the distribution of planets with known masses. The mass distributions of transit exoplanets obtained in this
way are analyzed with taking into account the observational selection effect inherent in the transit method.
The distributions are approximated by the power law ∂N/∂M ~ Mα, where the exponent (α < 0) is determined
by the maximum likelihood estimation for the samplings acquired with four mass–radius relationships: α =
–2.12 ± 0.03, –2.09 ± 0.03, –1.94 ± 0.03, and –2.27 ± 0.04. Moreover, for one of these distributions, we
determine the parameters of the power law, the exponent of which differs on three intervals (with the bound-
aries at 0.025, 0.28, and 1.34 Jupiter masses): –1.99, –0.62, and –2.88. We also conclude that there is no evi-
dence of the interrelation between the mass of an exoplanet and its average distance to the host star (the struc-
turization within planetary systems), if this distance is smaller than 1 AU; besides, the dependence of the
exponent α on the considered mass interval is analyzed. The above estimates appertain to exoplanets detected
by the space telescopes: Kepler Space Telescope and Transiting Exoplanet Survey Satellite (TESS) (these
exoplanets compose group 1). The masses of the other transit exoplanets, which were detected by ground-
based instruments, were known (they compose group 2). For the latter group, the exponent α is estimated at
–2.21 ± 0.04. In general, the results of our analysis agree with those of the earlier statistical and theoretic
studies. A key idea of the present paper is to apply the model interrelations between the mass and the radius
of exoplanets to the analysis of the mass distribution of exoplanets on the basis of the recent data of observa-
tions.

Keywords: exoplanets, transit method, mass distribution, mass–radius relationship, statistical analysis
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INTRODUCTION
With increasing the number of detected exoplan-

ets, it has become possible to study the characteristics
of exoplanets (their masses, radii, orbital parameters,
etc.) in terms of statistics. The statistics of exoplanets
is important for developing comparative planetology
and verifying theoretical models of the formation and
evolution of planetary systems (e.g., the planetary
population synthesis model by Mordasini (2018)).

Along with the radius and the orbital parameters,
the mass is one of the main characteristics of an exo-
planet. The currently available papers, dealing with
the mass distributions of exoplanets, are summarized

in Table 1. In these papers, it is suggested that, to
describe the mass distribution of exoplanets, one
should use the power law ∂N/∂M ~ Mα, where the
exponent α is negative and varies in dependence on
the years of studies and the mass intervals.

In the early papers (see Table 1), the mass distribu-
tions of exoplanets were determined from the projec-
tive mass M × sini, where i is the angle between the
perpendicular to the orbital plane of the planet and the
line of sight. In the column “M or (M × sini)” of Table 1,
it is indicated whether the corresponding estimates
were obtained by the true masses M or the projective
masses M × sini. When analyzing the essentially non-
200
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Table 1. Characteristics of the mass distributions of exoplanets (according to some papers)

* Here after: MJ and RJ are the mass and the radius of Jupiter, respectively; and ME and RE are the mass and the radius of the Earth,
respectively.

Source
Exponent α

in ∂N/∂M ~ Mα M or Msin i Mass range, 
Number of planets

(a survey)
Accounting for the observational 

selection

Marcy et al. (2005) −1.05

M×sini

0.02−15 104 –

Butler et al. (2006) −1.16 <15 167 –

Cumming et al. (2008) −1.31 ± 0.2 >0.3 182 Accounting for the survey com-
pleteness

Howard et al. (2010) −1.48+0.12/−0.14
0.01−3.15 166

Ivanova et al. (2019)
Ananyeva et al. (2020a, 
2020b)

−2.12 ± 0.12

M

0.02−13 328 (Kepler) Accounting for the survey com-
pleteness: separation into two 
groups of instruments; accounting 
for the mass determination and the 
transit probability

−1.9 ± 0.06 0.68−13 210 (Ground-based surveys 
and CoRoT)

Mordasini (2018) −1 0.09–5
(Modeling with the planetary population synthesis)

−2 <0.09, >5

J*M
homogeneous data of observations, some authors took
into account the observational selection caused by the
characteristics of detecting instruments or surveys. In
the last column of the table, it is indicated whether the
corresponding observational or archive data were reg-
ularized and the observational selection was taken into
account.

It was revealed in the first studies of the distribution
of exoplanets over projective masses (obtained with
the radial velocity method) that the exponent
decreases in chronological order approximately from
–1 to –1.5 (Marcy et al., 2005; Butler et al., 2006;
Cumming et al., 2008; Howard et al., 2010). This is
probably explained by the fact that with time the anal-
ysis has embraced more and more exoplanets and a
more careful detuning from observational selection.

Ivanova et al. (2019) and Ananyeva et al. (2020a,
2020b) (thereafter, this series of papers is cited as
Series IAA) estimated how the distribution of transit
exoplanets over true masses depends on taking into
consideration two factors of the observational selec-
tion—the factor of mass determination (to consider
the planets with unknown masses) and the transit
probability1. These authors found that the mass distri-
bution, which is approximately described by the law
∂N/∂M ~ M–2 and does not change in dependence on
the spectral class of host stars (the spectral classes F,
G, K, and М2 were considered). The power laws were
derived for two cases: the data were analyzed generally,
for all spectral classes of host stars together, and sepa-
rately, for the classes F, G, K, and М. The correspond-

1 This is such a mutual position of the observer and the orbital
plane of an exoplanet that the passage of an exoplanet across the
disc of a host star, i.e., the transit, can be observed.

2 For the spectral class M, the mass distribution was obtained
from the analysis of data on the radial velocities (Tuomi et al.,
2019).
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ing histograms were approximated with the least-
squares procedure, and the reliability of approxima-
tions was verified by the Kolmogorov–Smirnov test.

Ananyeva et al. (2020b) compared the mass distri-
bution law obtained for exoplanets to the correspond-
ing model distribution based on the planetary popula-
tion synthesis (Mordasini, 2018). The later study
yielded the mass distribution of exoplanets, which is
different in three mass intervals. In two intervals—the
masses are smaller than ~0.1MJ (or 30ME) and larger
than 5MJ—it is described by the law ∂N/∂M ~ M–2,
while the law ∂N/∂M ~ M–1 fits an intermediate inter-
val of (0.1–5)MJ. When comparing the mass distribu-
tions of transit exoplanets, which were obtained from
the NASA Exoplanet Archive (2019) and corrected for
the observational selection effects (Series IAA), to the
results by Mordasini (2018), it was noticed that the
mass distributions exhibit the same trends. The dis-
crepancy between the distributions in the intermediate
mass range was explained by an insufficient number of
long-period transit exoplanets discovered to date.

Here, we propose an alternative approach to the
factor of mass determination considered in Series IAA.
To account for ~75% of transit planets with unknown
masses (their masses have not been measured yet), we
consider the mass–radius relationship models3 cur-
rently available for exoplanets (Bashi et al., 2017; Chen
et al., 2017; Ning et al., 2018) and apply them to our
analysis. We also examine the model, where the mass
M is determined by the averaged observational data
M(R) obtained from the NASA Exoplanet Archive
(2020) (hereafter, the Archive). To weaken the obser-
vational selection, the coefficient, which accounts for

3 Hereafter, the mass–radius relationship means the functional
relationship between the statistic mass and the statistic radius,
which makes it possible to estimate one of these parameters
from the other one for a statistically average case.
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the transit probability, is calculated in the same way as
that in the paper by Ananyeva et al. (2020b) (which
follows Petigura et al. (2013)). However, we take into
consideration all of known transit exoplanets from the
Archive rather than only those with known masses.
Moreover, in contrast to Series IAA, the distributions
are considered as continuous, and the distribution law
parameters are determined by the maximum likeli-
hood estimation (Clauset et al., 2009).

Here, we examine in more detail the problem con-
cerning probable observations of structurization of
planets within planetary systems, which was prelimi-
narily discussed by Ananyeva et al. (2020). Structur-
ization is taken to mean that there is a statistical
dependence of the mass of an exoplanet on the semi-
major axis of its orbit in a planetary system. The struc-
turization is observed in the Solar System: the planets
of lower masses are closer to the star. To ascertain from
the currently available data of observations whether
the planetary systems are structured, it is necessary to
compare the mass distributions of exoplanets deter-
mined before and after correcting for the transit-
method selection.

The main purpose of this paper is to analyze the
mass distribution law of transit exoplanets, for which
the unmeasured masses of planets are determined
from the mass–radius relationship. This allows us to
verify the earlier estimates obtained in Series IAA.

The first six sections of the paper deal with the
analysis of exoplanets detected by the space tele-
scopes: Kepler Space Telescope and Transiting Exo-
planet Survey Satellite (TESS); in the seventh section,
the distributions for the other transit exoplanets,
which were mainly detected by ground-based instru-
ments and the masses of which are known, are consid-
ered. In the section “The distributions of transit exo-
planets…,” we briefly describe the results and the
technique of accounting for two observational selec-
tion factors (Series IAA), one of which is used here,
and the other one serves as a basis for the key idea of
the present analysis—to use the mass–radius relation-
ships. In the section “Parameters of exoplanets from
the Archive,” we systematize the data about exoplanets
considered here, present the grounds for dividing exo-
planets into two groups, and discuss some characteris-
tic/specificity in the mass and radius distributions for
these groups. In the section “The statistical mass–
radius relationships…,” the currently available mass–
radius relationships are briefly described; and the
dependences, which are used in the following to calcu-
late the masses of exoplanets, are chosen. The distri-
butions over masses (including the calculated masses),
the power-law approximation, and their comparison
to the estimates obtained in Series IAA are presented
in the section “The mass distributions… comparison
and analysis.” Transit probability is taken into account
in the next section, “Accounting for the transit proba-
bility...”. The problem of structurization within plane-
tary systems is also considered there. In the section
“The lower boundary…” we present the results of ver-
ifying the hypothesis that the distributions obey the
power law, when the minimal mass value in the con-
sidered interval is varied, and approximate two derived
distributions by the broken power law, the parameters
of which are compared to those obtained by Mordasini
(2018).

THE DISTRIBUTIONS OF TRANSIT 
EXOPLANETS ACCOUNTING 

FOR THE OBSERVATIONAL SELECTION 
CAUSED BY THE MASS DETERMINATION 

AND THE TRANSIT PROBABILITY
In the recent papers of Series IAA, transit exoplan-

ets known to the beginning of 2019 were divided into
two groups depending on the instruments of observa-
tions: 2564 exoplanets detected by the Kepler space
telescope (group 1) and 329 planets detected by the
ground-based instruments and the COnvection ROta-
tion and planetary Transits (CoRoT) space telescope
(group 2). In total, the mass was known only for 539
out of 2893 planets; what is more, the mass was known
for all planets of group 2, but only for 210 planets of
group 1. The mass distributions were independently
determined for the planets of each of the groups in the
mass intervals (0.02–13)MJ and (0.68–13)MJ, respec-
tively.

To weaken the observational selection effect in the
statistical analysis of group 1, the data on the radii of
exoplanets were used. The considered mass and radius
ranges were divided into equal, when expressed in log-
arithms, intervals ∆M and ∆R, respectively; and the
histograms N(M) = ∂N/∂M and N(R) = ∂N/∂R were
built. Further, in each of the radius intervals ∆R =
i(R), the portion k of planets with known masses was
determined:

(1)

where Nmeas.mass and Nall are the number of planets with
known masses and the total number of planets in the
interval i, respectively; i(R) is the radius interval,
within which the planet with the radius R falls.

In most cases, except the planets detected with the
transit-timing variation (TTV) method, the mass of
transit planets was subsequently determined by radial
velocity measurements. To correct the exoplanet sta-
tistics based on the Archive, which is evidently dis-
torted by the observational selection, the mass deter-
mination coefficient was introduced as a dependence
k(R) of the portion of planets with known masses on
the planetary radius R. This distortion appears,
because it is easier to determine the mass of large plan-
ets than that of small ones. The function k(R) predom-
inantly grows in a range of 0.02 to 1. For the over-
whelming majority of small planets with radii of

= meas.mass

all

( ( ))
( ) ,

( ( ))

N i R
k R

N i R
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~0.1RJ, the mass was not determined and k  1; while
for large planets with radii of (1–13)RJ, on the con-
trary, the mass was determined in many cases and k ≈ 1.
To each of the planets, the statistical weight 1/k(R)
was assigned. Thus, in each of the radius intervals, the
values of the mass were assigned to the exoplanets with
unknown masses according to the distribution over the
known masses of planets from this interval.

Moreover, following the paper by Petigura et al.
(2013), the authors of Series IAA considered the
observational selection factor, which accounts for the
probability of observing a planet in transit, since only
the planets whose orbital inclination does not differ
much from 90° may be detected with the transit tech-
nique. The geometrical probability of observing a
planet in transit ptr (the probability that the observer’s
location allows the transit of a planet to be observed) is
simplistically defined as a ratio of the star’s radius r to
the semimajor axis of the planetary orbit a: ptr ~ r�a
(Winn et al., 2010). Since the transit probability is
small, the observational selection results in an insuffi-
cient number of detected planets. The planets, which
are not observed in transit, are taken into account
hypothetically; and their masses are assumed to be the
mass of a detected planet so that the correction leads
to the increase of the statistical weight of each of the
transit planets by k1 times:

(2)

Thus, the authors of Series IAA analyzed the mass
distribution of 393 planets and obtained the depen-
dence ∂N/∂M ~ M–2, which was corrected relative to
the observational selection by the coefficients k and k1.
For the statistical sampling of the Kepler planets
(group 1), which includes a larger number of long-
period planets than the sample of planets detected in
ground-based and CoRoT observations (group 2), the
characteristic trend in changing the number of planets
in dependence on their mass was visually traced in the
(0.1–5)MJ interval. This resulted in growing the expo-
nent α of the power law ∂N/∂M ~ Mα to a value of −1
according to the theoretical model of the planetary
population synthesis (Mordasini, 2018).

PARAMETERS OF EXOPLANETS 
FROM THE ARCHIVE

For this analysis, we use the data about exoplanets
from the Archive (NASA Exoplanet Archive, 2020) as
on July 20204, which contains 3169 confirmed exo-
planets detected by the transit method. The radius was
determined for all of the planets by light curves of the
host stars during transit observations. In most cases, to
determine the mass of a transit planet, it is necessary
to perform additional spectroscopic measurements of

4 https://github.com/yko-v/exoplanets2020

!

=1 .ak
r
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the radial velocity of the host star. Since the accuracy
of these measurements is low for small transit planets
(with smaller masses), the mass was measured only for
858 exoplanets (27%). Moreover, for 22 planets
among them, the mean relative deviation exceeds the
mass value; and only the upper mass limit is known for
65 planets.

In this study, to determine the coefficient k1, we use
the semimajor axis of an orbit a and the radius of a star
r in addition to the mass M and the radius R of an exo-
planet. Since the Archive does not explicitly contain
the value of a for 1478 exoplanets, we calculate the
semimajor axes from the values of the orbital period P
and the star’s mass m. For this, we consider the known
relationship, which describes the motion of a material
point along the elliptic orbit in the central gravitational
field with ignoring the planetary mass (Seager and
Mallen-Ornelas, 2002):

(3)

where G is the gravitational constant.
The values of the above-listed parameters, as well

as their limiting deviations, were taken from the
extended table of the Archive5, which contains the
parameters for each of the exoplanets and their host
stars according to the public sources. In this paper, we
use the parameter values, which their smallest mean
relative deviations correspond to.

In accordance with the approach by Series IAA, we
divide all considered exoplanets into two groups. The
updated Archive version contains the following objects
that we take into account: 2773 exoplanets discovered
with the Kepler and TESS space telescopes (group 1)
and the other 396 planets discovered by 22 ground-
based instruments and the space telescopes of the
CoRoT and Hubble Space Telescope (HST) missions
(group 2). For the whole collection of exoplanets and
for groups 1 and 2, the mass distributions N(M) cov-
ered by the Archive are shown in Fig. 1a. The corre-
sponding mass–radius relationships M(R) are pre-
sented in Fig. 1b.

Figure 1a shows that the mass distribution of all
exoplanets (black solid line), not separated into groups 1
and 2, exhibits two clearly expressed maxima, the ori-
gins of which are mainly caused by the observational
selection, i.e., the unequal coverage of exoplanets of
groups 1 and 2 by the modern observational tools—the
Kepler and TESS telescopes or ground-based surveys
(as well as by the CoRoT and HST telescopes), respec-
tively. The first maximum is in an interval of [1.5, 4.4] ×
10–2MJ (or [4.8, 14]ME) and coincides with the maxi-
mum in the distribution of exoplanets of group 1; the

5 https://exoplanetarchive.ipac.caltech.edu/docs/API_exomult-
pars_columns.html
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Fig. 1. (a) The distributions of the number of exoplanets over their masses N(logM) for all known transit exoplanets (black solid
line) and two separate groups considered (blue and orange colors are for groups 1 and 2, respectively). The filled areas correspond
to the mass intervals, within which the distribution law was determined. (b) The relationship between the mass and the radius of
exoplanets expressed in the corresponding quantities for Jupiter, RJ and MJ, respectively. The transit exoplanets detected by dif-
ferent surveys are shown in the log(R)–log(M) plane (the color cases correspond to those in panel (a)). On the top and on the
right, there are projections of the distribution onto the corresponding axes. 
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second maximum is in an interval of [0.54, 1.57]MJ
and corresponds to the maximum for exoplanets of
group 2. In particular, this suggests that the so-called
desert of sub-Saturns (Ida and Lin, 2004; Mordasini et
al., 2009)—the minimum in a mass interval of [0.1,
0.3]MJ (or [–1, –0.5]logMJ)—is most likely caused by
the observational selection.

The mass intervals corresponding to complete
observations of the planets in groups 1 and 2 are filled
with colors in Fig. 1a. The observations with the
Kepler6 and TESS telescopes become incomplete
starting from the exoplanets with masses smaller than
≈0.02MJ. The ground-based surveys of transit exo-
planets (and the CoRoT and HST observations)
become incomplete starting from the exoplanets with
masses smaller than ≈0.68MJ (Series IAA). In the mass
intervals, within which the observations are complete,
the mass dependences of the number of exoplanets
N(M) clearly follow a certain power function, the
characteristics of which were later specified more
exactly by analyzing subtler effects of the observational
selection.

Figure 1b demonstrates that the space telescopes
(Kepler and TESS) and ground-based instruments
(including the CoRoT and HST) cover different values
of the transit depth in dependence on the planetary

6 The Kepler observations become incomplete starting from the
planets with a period exceeding 400 days and a radius smaller
than 0.178RJ (2RE) (Petigura et al., 2013). Most exoplanets with
this radius (taken from the Archive or determined from the
mass–radius relationship (see the section “The statistical mass–
radius relationships…”)) correspond to the masses in a range of
[0.01, 0.03]MJ.
radius. For example, the exoplanets of group 2 are
mainly concentrated (94%) in a region within [0.63,
13]MJ and [0.1, 2]RJ, while the wider mass and radius
ranges correspond to the exoplanets of group 1.

In Fig. 2, the exoplanets of groups 1 and 2 are
shown in the logM–logR plane. The analysis of the
distribution of exoplanets presented in the mass–
radius plane suggests that the following features
should be noted.

(1) There are two intervals, where the mass–radius
interrelation behaves differently: for small solid plan-
ets with masses less than 0.1MJ and radii less than 0.1RJ
(–0.44logRJ) (Bashi et al., 2017), this relationship is
more evident as compared to that for giant planets.

(2) The significant scattering in the planetary
masses (by several orders of magnitude), correspond-
ing to a small radius interval, is primarily caused by the
differences in the composition for solid planets or the
thermal f lux from a host star for gaseous planets
(Weiss et al., 2013).

(3) Since in a range of [–4, 1.5]logM the radii are
estimated more accurately than the masses, it is more
common to determine the relationship R(M) than the
inverse one M(R).

(4) The measurement errors are nonhomogeneous,
since the parameters of large planets are measured
more reliably and their relative deviations are smaller
than the corresponding quantities for planets with
small masses.
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021
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Fig. 2. Exoplanets of group 1 (a) and group 2 (b) are shown in the logM–logR plane by dots with bars corresponding to the errors
in the mass and radius measurements. The orange, green, and blue symbols indicate the exoplanets, for which only the upper mass
estimates are specified, the exoplanets, the mean mass deviation in which exceeds the mass of a planet (see the section “Calcu-
lation technique” and the subsection “Calculations of the masses of exoplanets”), and the other exoplanets (with more reliable
masses), respectively. The lines going out of the plot mean that the lower estimate of the mass is close or equal to zero (sometimes
negative (see, Marcy et al., 2014)). 
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THE STATISTICAL MASS−RADIUS 
RELATIONSHIPS CHOSEN FOR ESTIMATING 

THE MASSES OF EXOPLANETS
BY THEIR RADII

As has been already noted above (see the section
“Parameters of exoplanets…”), the radius is known for
all transit exoplanets, while the mass is known only for
a small portion of them (858 out of 3169). To include
as many as possible exoplanets into the mass distribu-
tion, we estimate the statistical values of unknown
masses of exoplanets (2311) with the use of the mass–
radius relationships (according to the models applied
to the Archive observational data). The mass–radius
relationships built on the basis of physical models
(e.g., Zeng et al., 2016; Otegi et al., 2019) remain
beyond the present analysis.

The relationship between the mass and the radius
of a planet is determined by the density of its material.
The density, in turn, depends on the composition of a
planet and, for gaseous planets, on the environmental
conditions (parameters of the orbit and the star). The
mean density or the approximate composition of a
planet cannot be determined directly from photomet-
ric measurements. Consequently, strictly speaking,
the mass of an exoplanet cannot be determined from
its radius (or vice versa). However, there is a correla-
tion between the mass and the radius of planets, which
makes it possible to estimate, at a first approximation,
the statistical (probable or mean) mass of a planet by
its radius from the observational data.

The currently available mass–radius relationships
of exoplanets, which were determined from observa-
tional data (see a dozen papers cited and discussed by
Chen and Kipping (2017) and Ning et al. (2018)), may
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021
be divided into parametric and nonparametric ones
according to the models they use.

In the parametric models (see Table 2), the mass–
radius relationship is approximated by a broken
power-law M ~ Rα or R ~ Mα. For this, two approaches
are used: (i) the deterministic one, which defines a
unique relationship between the mass and the radius
(Weiss et al., 2013; Bashi et al., 2017), and (ii) the
probabilistic one, according to which some mass dis-
tribution corresponds to a specified value of the radius
and a target value of the mass is retrieved from this dis-
tribution (Wolfgang et al., 2016; Chen and Kipping,
2017).

In the nonparametric model described by Ning
et al. (2018), the data of observations are approxi-
mated by the deterministic function from the space of
the Bernstein basis polynomials. In addition to these
models, the parametric mass–radius relationship
derived by averaging the Archive data is considered
(see the section “Calculation technique” and the sub-
section “Derivation of the Averaged mass–radius rela-
tionship”).

Weiss et al. (2013) determined the mass–radius
relationship R(M) for 138 transit exoplanets (as con-
firmed to September 2012) by the least-squares
method. Bashi et al. (2017) considered the parameters
of 274 transit exoplanets (as confirmed to March 2016)
also to find the mass–radius relationship R(M). The
latter research group used a more general approach—
the least-squares method that accounts for the mea-
surement errors in both parameters; and the inhomo-
geneity in the measurement errors and the mass distri-
bution of planets was also taken into consideration. In
these two papers (nos. 1 and 2 in Table 2) the mass–
radius relationships are almost the same for the inter-
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Table 2. Parametric models of the mass–radius relationship according to some papers

*For probabilistic models, the mathematical expectations of α are presented; for model 5, the mathematical expectations of the bound-
ary values of the mass intervals are shown.
**The exponent was obtained from the M(R) dependence.

No.
Exponent α

in R(M) ~ Mα

Intervals by Model name in the paper
(the paper)mass, MJ radius, RJ

Deterministic

1 0.53 <0.47 –
(Weiss et al., 2013)

–0.04 ≥0.47 –

2
0.55 <0.39 <1.08 Bashi17

(Bashi et al., 2017)0.01 [0.39, 13] ≥1.08

Probabilistic*
3 0.56** – ≤0.71 (Wolfgang et al., 2016)

4

0.28 <6 × 10–3 –
Chen17
(Chen and Kipping, 2017)0.59 [6 × 10–3, 0.41] –

–0.04 [0.41, 13] –
val of low-mass planets: R ~ M0.53 and R ~ M0.55,
respectively. In the interval of massive planets (M >
0.47MJ and M > 0.39MJ, respectively), which are
mostly gaseous giants, the mass–radius relationship is
weak and implicit (R ~ M–0.04 and R ~ M0.01, respec-
tively), since the radius of planets substantially
depends on the average thermal f lux coming from a
star to the planetary orbit (Weiss et al., 2013). Bashi
et al. (2017) considered the transition point between
these intervals as a free parameter, while Weiss et al.
(2013) specified this point a priori, on the basis of
observational data and physical considerations. Since
the mass–radius relationship corresponding to model 2
(Bashi17) is based on more recent data and is more
elaborate than model 1, we consider here only the
Bashi17 model.

In the probabilistic models (nos. 3 and 4 in Table 2),
Bayesian hierarchical modeling was used (Wolfgang
et al., 2016; Chen and Kipping, 2017). Model 3 is
restricted by the largest radius value 0.71RJ, while the
radii of planets considered here reach 1.6RJ. Conse-
quently, model 3 will not be used here, since its range
is insufficient for the present analysis.

Chen and Kipping (2017) modeled the mass–radius
relationship in an interval of ~[0.01, 100]RJ, which is
more than sufficient for the present analysis. In this
model (called Chen17, no. 4 in Table 2), the mass range is
divided into four intervals: [10–3, 6 × 10–3]MJ for Earth-
like planets and super-Earths, [6 × 10–3, 0.41]MJ for
Neptunes, [0.41, 83.8]MJ for Jupiters and brown
dwarfs, and larger than 83.8MJ for stars (not shown in
Table 2). Analogously to the models considered above,
Chen and Kipping (2017) obtained the mass–radius
relationship R(M), but in their model the radius is a
random function. Any specified mass value is related
to a normally distributed radius value

(4)

where μ is the mathematical expectation in a form of
the power function, σR is the standard deviation, and
С is the constant. The mathematical expectation for
the exponent α and the boundary values of the mass
intervals is specified in Table 2.

Figure 3 presents the mass–radius relationships,
according to which the masses of exoplanets of group 1
with unknown masses were calculated: the averaged
model (hereafter, designated as Averaged), the Bashi17
(Bashi et al., 2017) and Chen17 (Chen and Kipping,
2017) models, and the Ning18 nonparametric model
(Ning et al., 2018).

THE MASS DISTRIBUTIONS OF TRANSIT 
EXOPLANETS OBTAINED 

WITH THE MASS−RADIUS MODELS: 
COMPARISON AND ANALYSIS

The distribution density function of the power law
is determined7 as

(5)

where C is the normalizing constant and α and mmin
are the exponent and the minimal mass value in the
considered interval of the distribution, respectively
(Clauset et al., 2009).

7 Or , . To compare the exponent to the
results of the other papers, the version specified in Eq. (5) has
been accepted.
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Fig. 3. The mass–radius relationships, namely, the
Bashi17, Chen17, Ning18, and Averaged models, according
to which the statistical masses of exoplanets (group 1) were
calculated. They are shown in the logM–logR plane
together with the Raw Data (dots) from the Archive cover-
ing 386 exoplanets with measured masses M ≤ 13MJ, which
were detected by the Kepler and TESS space telescopes
(group 1). For the Chen17 model, the line shows the
dependence for the mathematical expectation of the expo-
nent in the filled area of 3σR. The line designations are in
the legend.
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Fig. 4. Histograms9 of the mass distributions of exoplanets
of group 1 (the Raw Data sample contains the exoplanets
discovered by the Kepler and TESS space telescopes
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Data sample. These relationships are Averaged, Bashi17,
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The types and colors of lines are specified in the legend.
The slanting lines show the corresponding approximations
by a power law with different power indices.
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To estimate the parameter α and the corresponding
standard deviation σ for the sampling M = {mi}, i =
1…n with a specified value of mmin, the maximum like-
lihood estimation (Clauset et al., 2009) is used:

For 2311 exoplanets with unknown masses (group 1,
detected by the Kepler and TESS space telescopes) the
masses were calculated according to the above-
described M(R) models 2 and 4 (see Table 2), the Aver-
aged model (see the section “Calculation technique”
and the subsection “Derivation of the Averaged…”),
and the model by Ning et al. (2018). (The results of
simulations are reported in the section “Calculation
technique” and the subsection “Calculations of the
masses…”.) We analyzed the distributions of the fol-
lowing five samples of exoplanets of group 1: the Raw
Data sample from the Archive and four samples of
exoplanets, each of which contains the planets from
the Raw Data sample and the remaining planets of
group 1 with the masses calculated according to the
Bashi17 and Chen17 models (nos. 2 and 4 in Table 2),
the Averaged model, and the Ning18 model. The plan-
ets with radii less than 0.178RJ or periods longer than
400 days (1188 exoplanets) were removed from the
samples, since the Kepler data are incomplete. Due to
this, 1561 out of 2773 exoplanets of group 1 remain for
consideration.
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For each of these samples, the exponent α was esti-
mated in a mass interval of [0.02, 13]MJ (see Table 3 and
Fig. 4). In these samples, the number of planets in the
considered interval turned out to be different8, which
is caused by using the different mass–radius relation-
ships.

To calculate the mass of exoplanets, the authors of
Series IAA did not use the radius values, but corrected
the mass distribution of planets from the Archive by
the mass determination coefficient (see the section
“The distributions of transit exoplanets…”). As a
result, the corrected mass distribution of exoplanets
corresponded to the power law with an exponent α19 =
–1.90 ± 0.06, which coincides with the result of the
Chen17 sample and close to that of the Bashi17 sam-
ple. The smallest residual corresponds to the Bashi17
sample (0.1), while it is less than 12% for the Averaged
and Ning18 samples.

When verifying the considered samples for homo-
geneity in pairs (Averaged to Bashi17, Averaged to
Chen17, etc.), the hypothesis that these samples
belong to a single general collection is rejected,
because different mass–radius relationships yield sta-

8 In the samples with calculated masses, the number of mass val-
ues taken from the Archive does not coincide with that in the
Raw Data sample, since the latter includes only sufficiently reli-
able values (see the section “The statistical mass–radius rela-
tionships…”).

9 In Fig. 4, the histograms are shown only for visualization of the
considered distributions, the appearance of which depends on
dividing into intervals; the power laws were obtained by the
maximum likelihood estimation (6) rather than fitting.
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Table 3. The exponent α of the law ∂N/∂M ~ Mα for the considered samples in a mass interval of (0.02−13)MJ and the
residual as compared to a value of α19 = –1.90 ± 0.06 obtained in Series IAA

Sample of planets, 
model

min(α − α19)
Number of planets in an interval of [0.02, 13]MJ

total planets with the masses calculated from 
the mass–radius relationship

Raw Data −1.50 ± 0.03 0.32
Averaged −2.12 ± 0.03 0.13

Bashi17 −2.09 ± 0.03 0.10
Chen17 −1.89 ± 0.03 –
Ning18 −2.27 ± 0.04 0.27

±α̂   ̂σ

253 0
1515 1256
1174 918
1070 810
1115 861
tistically different mass distributions of exoplanets.
The consistency of the distributions with the power
law is verified below in the section “The lower bound-
ary…”.

ACCOUNTING FOR THE TRANSIT 
PROBABILITY AS AN OBSERVATIONAL 

SELECTION FACTOR
As has been already discussed above (see the sec-

tion “The distributions of transit exoplanets…”), the
observational selection causes an insufficient number
of detected exoplanets, since the probability of observ-
ing a planet in transit ptr is low. The non-transiting
planets (i.e., they do not induce the decrease in the
brightness of a star as is seen from the Earth) cannot be
detected with the transit method, though they consti-
tute the majority of planets. To take them into
account, the statistical weight of each transit planet
can be multiplied by the factor k1 > 1 (see Eq. (2))
(Petigura et al., 2013), i.e., it is assumed that, to each
of the detected exoplanets, we may put into corre-
spondence a set of planets with the same mass in the
amount inversely proportional to ptr (Series IAA).

In Fig. 5, we present the mass distributions of exo-
planets obtained above from the M(R) models (see the
section “The statistical mass–radius relationships…”)
for the planets of group 1, which were discussed in the
section “The mass distributions … comparison and
analysis”. Two cases are considered: the observational
selection is ignored or taken into account by the coef-
ficient k1.

For each of the samples, the Kolmog-
orov−Smirnov homogeneity test was performed
before and after accounting for the selection (the coef-
ficient k1). From this verification, we may conclude
that, for all of the considered samples except the
Chen17 one, the hypothesis on the same distribution
law, describing the sample before and after including
the selection into the procedure, is not rejected. For
the Chen17 sample, after accounting for the selection,
the exponent α changes from –1.89 ± 0.03 (without
k1) to –1.94 ± 0.03, which coincides with α = –1.99 ±
0.08 obtained in Series IAA after correcting the distri-
bution for the mass determination and the transit
probability effects. Since the distributions for the con-
sidered samples (except Chen17) do not differ statisti-
cally, their power indices will also coincide (Table 3).
Consequently, after accounting for the observational
selection, the exponent for the Bashi17 sample (α = –
2.09 ± 0.03) also coincides with α = –1.99 ± 0.08,
while the residual for the Averaged and Ning18 samples
decreases to 0.01 and 0.16, respectively, as compared
to the values obtained with the selection ignored.

Based on the homogeneity test described above, we
may conclude that the accounting for the observa-
tional selection of the transit method does not intro-
duce statistically important changes into the mass dis-
tribution of exoplanets considered here (with a semi-
major axis a ≤ 1 AU). The difference is observed only
in a range of large masses M > 3.16MJ (0.5logMJ),
where the number of planets is small (see Fig. 5). The
correction did not induce the decrease in the number
of planets in this range. For M < 0.1MJ, the distribu-
tions did not change in appearance, except for the
Ning18 sample.

When correcting the statistical distribution for the
transit method selection (by the coefficient k1, which
is inversely proportional to the probability of observing
a planet in transit), this distribution is enlarged by the
planets with the masses that populate a small interval
of the joint distribution ∂2N/(∂r·∂a) over the radius r of
a star and the semimajor axis a of the orbit of an exo-
planet according to the mass distribution of exoplanets
observed in this interval. (For a small interval (r, a),
the number of added exoplanets of a specified mass is
proportional to the number of planets with this mass in
this interval.) If the probability of detecting an exo-
planet were dependent on its mass, the correction
would substantially enhance the number of exoplanets
with the masses that may be less likely to be found as
compared to those whose detection probability is high.
This would significantly change the mass distribution
after correction. The detection probability ptr ~ r/a
primarily depends on the semimajor axis, while the
radius of a star varies less. Because of this, since no sta-
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021
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Fig. 5. Histograms of the mass distributions of exoplanets of group 1 (the exoplanets with a mass M ≤ 13MJ detected by the Kepler
and TESS space telescopes), to which the exoplanets with statistical masses calculated from the mass–radius relationships are
added. The panels correspond to the Averaged (a), Bashi17 (b), Chen17 (c), and Ning18 (d) relationships. In each of the panels,
two cases are presented: the transit probability is ignored (unfilled areas) or taken into account (filled areas). 
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tistical relationship between the mass and the semima-
jor axis of an exoplanet is observed, the dependence of
the mass distribution of planets on their closeness to
the star would indirectly indicate the structurization
within planetary systems. The relative decrease in the
number of massive planets after correction (which is
barely discernible in Fig. 5) could be indicative of a
larger probability of their detection and, consequently,
the predominantly near-star location as compared to
that of small-mass planets. However, the test for the
homogeneity of distributions showed that, among the
samples considered, only the Chen17 model exhibits
this difference. Thus, this test does not allow us to state
any structurization for exoplanets, the semimajor axes
of which are smaller than ≈1 AU. Due to limitations of
the transit method, only few transit exoplanets were
detected at larger distances from the stars, which is the
reason for the statistical incompleteness in the detec-
tion of long-period planets.
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Moreover, the probability of detecting an exoplanet
with a specified semimajor orbital axis near large-
sized stars is higher than that for smaller stars. In addi-
tion, since the stars of larger radii are less widespread,
the probability of detecting exoplanets near these stars
should be higher than that in the case of stars homoge-
neously distributed over radii. In other words, if the
dependence of the occurrence of stars on their sizes is
ignored, this circumstance cannot overestimate the
probability of detecting exoplanets near large stars and
underestimate it for small stars. In the sample, the
exoplanets, which were detected with the Kepler and
TESS telescopes, mainly orbit sunlike stars (for ≈90%
of the considered stars, the radii are in a range of r ∈
[0.4, 1.8]rsun). Consequently, the influence of this fac-
tor on the mass distribution is most likely insignificant,
which allows us to ignore it in the present analysis.
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Fig. 6. The power law exponent in dependence on the
lower boundary of the mass interval α(mmin) considered
for the exoplanets from the sample of group 1 according to
the Archive (the Raw Data contain exoplanets discovered
by the Kepler and TESS space telescopes) and the exoplan-
ets from the samples obtained by adding the masses of exo-
planets calculated from the mass–radius relationships to
the Raw Data sample. These relationships are Averaged,
Bashi17, Chen17, and Ning18. The values of α, under
which the distribution agrees with the power law according to
the Kolmogorov−Smirnov test, are shown by thick lines. 
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THE LOWER BOUNDARY IN THE MASS 
DISTRIBUTIONS OF EXOPLANETS 
AND THE COMPARISON TO THE 

DISTRIBUTION BUILT
BY THE PLANETARY POPULATION 

SYNTHESIS

There are two parameters in the mass distribution
of exoplanets approximated by the power law: the
power exponent α and the lower mass boundary mmin
(see the section “The mass distributions … compari-
son and analysis”). In the previous section “Account-
ing for the transit probability…”, following the analysis
performed for mmin = 0.02MJ (Series IAA) and keeping
in mind the range of complete observations with the
Kepler telescope (see the section “Parameters of exoplan-
ets from the Archive”), we assumed mmin = 0.02MJ.
However, the obtained distributions may be approxi-
mated by both the power law with mmin > 0.02MJ and
the broken power-law (Mordasini, 2018).

In Fig. 6, for each of the modeling samples consid-
ered (see the section “Accounting for the transit prob-
ability…”), we present the dependences α(mmin) for
the power law exponent at the lower boundary of the
considered mass interval. With the Kolmog-
orov−Smirnov criterion, the optimal values of the dis-
tribution parameters α and mmin were determined and
the hypothesis on compliance of the samples’ distri-
butions with the power law for all values of mmin was
verified (for the model results, see the section “Calcu-
lation technique” and the subsection “The power law
compliance test”). The values of α(mmin), under which
this hypothesis is not rejected, are shown by thick lines
in the diagram.

In an interval of [0.03, 0.15]MJ (or [–1.5, –0.8]logMJ),
the functions for the Raw Data and Ning18 samples
(α ≈ –1.55), as well as the functions for the Averaged,
Bashi17, and Chen17 samples (α varies from –2.0 to –1.7),
exhibit a similar behavior. Further, when the lower
boundary moves to ~0.3MJ (–0.5logMJ), α ∈ [–1.7, –2]
for all of the samples. In an interval of [0.3, 1.17]MJ (or
[–0.8, 0.69]logMJ), the range of α for the Ning18 sam-
ple is α ∈ [–2, –3.25], which significantly differs from
that for the other samples, α ∈ [–1.7, –2.5]. For
mmin > 1.17, there is no difference between the Raw
Dataand Ning18 samples, and the behavior of all func-
tions is the same. When mmin grows, the number of
planets in a sample substantially decreases. For mmin =
0.17MJ (or –0.75logMJ), the number of planets varies
in dependence on the sample from 101 to 169, among
which 101 planets are from the Archive; while their
number decreases to 31–57 in an interval of [1, 13]MJ.

In an interval of [0.046, 0.061]MJ (or [–1.34,
‒1.21]logMJ) the Averaged and Bashi17 distributions
are statistically indistinguishable, while the same can
be said about the Bashi17 and Chen17 distributions in
a range of [0.093, 0.14]MJ (or [–1.03, –0.85]logMJ). In
an interval of [0.058, 0.08]MJ (or [–1.24, –1.10]logMJ),
all of the Averaged, Bashi17, and Chen17 samples are
distributed according to the power law (except two
small intervals for the Bashi17 sample (see the section
“Calculation technique” and the subsection “The power
law compliance test”)), while α ∈ [–1.88, –1.72].

The optimal parameters (i.e., those providing the
agreement with the power law) obtained for the distri-
butions of the considered samples (see the section
“Calculation technique”, the subsection “The power
law compliance test”, and Fig. 7) are presented in
Table 4.

The result that the power law is better obeyed by the
Averaged, Bashi17, and Chen17 samples than the Raw
Data and Ning18 ones is also confirmed by the appear-
ance of the distributions in Fig. 7. The Raw Data and
Ning18 distributions exhibit a substantially different
behavior in an interval of approximately [0.1, 0.56]MJ
(or [–1, –0.22]logMJ), due to which the hypothesis
that these distributions are in compliance with the
power law (Fig. 6) is true only in a range of massive
planets (for the Raw Data sample, there is also a small
interval of mmin ∈ [0.02, 0.03]MJ). This form of the
distribution law—a broken power-law with three
regimes—was obtained by Mordasini (2018). More-
over, according to the Kolmogorov−Smirnov test,
none of the distributions obeys the power law if mmin ∈
[0.31, 0.56]MJ, which suggests in general that it is nec-
essary to search for a more sophisticated distribution
law, the exponent of which may differ on two or more
intervals. According to the distribution obtained with
the planetary population synthesis method (Mordas-
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021
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Fig. 7. Histograms of the mass distributions of the exo-
planets of group 1 according to the Archive (the Raw Data
sample contains the exoplanets discovered by the Kepler
and TESS space telescopes) and the exoplanets from the
samples obtained by adding the masses of exoplanets cal-
culated from the mass–radius relationships to the Raw
Data sample. These relationships are Averaged, Bashi17,
Chen17, and Ning18. The designations of lines are in the
legend. The vertical dashed lines indicate the minimal val-
ues mmin (specified in the inset), which correspond to the
optimal value of α in the power law ∂N/∂M ~ Mα. The lat-
ter is shown by slanting lines on each of the intervals. 
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ini, 2018), we verified the approximation of the mass
distribution of exoplanets by three power laws on three
intervals.

When expressed mathematically, this law is defined
by six parameters: the smallest value in the considered
mass interval mmin; two transient points MT1 and MT2
specifying the boundaries of the intermediate interval;
and the power indices α1, α2, and α3 of the distribution
law ∂N/∂M ~ Mα on each of three intervals—[mmin,
MT1], [MT1, MT2], and [MT2, 13MJ], respectively. With
the maximum likelihood estimation (Eq. (6)) and by
varying the parameters α1, α2, α3, mmin, MT1, and MT2,
we determined the optimal values of these parameters
for the Raw Data and Ning18 samples (see Table 5 and
Fig. 8). These values provide the best agreement of the
distributions with the power law (which is confirmed
by the procedure described in the section “Calculation
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021

Table 4. Optimal parameters of the distributions for the samp

Sample of planets, 
model

Exponent α in
∂N/∂M ~ Mα Minimal value

Raw Data −1.51 ± 0.03 0.021
Averaged −1.78 ± 0.04 0.046
Bashi17 −1.79 ± 0.04 0.038
Chen17 −1.73 ± 0.04 0.062
Ning18 −2.93 ± 0.22 0.82
technique”, the subsection “The power law compli-
ance test”).

Analogously to the result of Series IAA, we see that
the planets with masses in an interval of M > MJ are
lacking in the both samples. The transient point MT1 of
the Ning18 distribution is closer than that of the Raw
Data to MT1 in the distribution by Mordasini (2018)
(Mordasini18), while the situation is inverse for the
transient point MT2. The power indices α1 and α2 (in
the first and second intervals, respectively) coincide
rather well with the compared laws for the Ning18 and
Raw Data distributions, respectively. In the third inter-
val, the Raw Data distribution agrees with the Mordas-
ini18 one better than the Ning18 distribution (the dif-
ference in the exponent is smaller). Though Mordasini
(2018) obtained α2 = –1 in the second interval, this
distribution, analogous to the Ning18 one, exhibits the
decrease (expressed in logarithm) in the distribution
density with increasing mass. What is more, the differ-
ence (total and maximal) between the Ning18 and
Mordasini18 discrete distribution functions is smaller
than the analogous difference between the Raw Data
and Mordasini18 distributions. Thus, we may con-
clude that the Ning18 distribution better agrees with
the results by Mordasini (2018).

THE MASS DISTRIBUTION OF EXOPLANETS 
DETECTED WITH THE GROUND-BASED 

INSTRUMENTS AND THE COROT 
AND HUBBLE SPACE TELESCOPES

Since the masses of all 396 exoplanets of group 2
(detected with the ground-based instruments and the
space telescopes of the CoRoT and HST missions) are
known from the Archive data, no radius–mass rela-
tionships were applied to them. We consider 384 exo-
planets of group 2, the masses of which are rather reliably
known (see the section “Parameters of exoplanets from
the Archive“); among them, 243 planets are in a consid-
ered interval of [0.68, 13]MJ. In the same way as for the
previous samples, we determine the parameters of the
power law that corresponds to the distribution of exo-
planets of this group (group 2 in Fig. 9) for two cases: the
observational selection is ignored and taken into account.

In Series IAA the distribution for the exoplanets
sampled from the NASA Exoplanet Archive (2019)
les of exoplanets

 mmin, MJ
Number of planets in an interval of [mmin, 13]MJ

total planets with calculated masses

248 0
400 215
459 259
333 176

76 30
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Table 5. The parameters of the broken power-law distribution for the Raw Data and Ning18 samples and the parameters
obtained by Mordasini (2018)

Sample name
Lower boundary

mmin, MJ

Transient points, MJ Exponent

MT1 MT2 α1 α2 α3

Mordasini, 2018 – 0.094 5 –1 –2

Raw Data 0.28 1.35 –0.97 –2.88

Ning18 0.16 1.04 –0.62 –2.88

−

0.025 −1.47

0.025 −1.99
corresponded to the power law with an exponent of
α = ‒2.12 ± 0.12 (called Ground last in Fig. 9) for mmin =
0.68MJ, which is consistent with our result: α = –2.18 ±
0.08 for mmin = 0.68MJ or α = –2.22 ± 0.08 for mmin =
0.71MJ (the optimal case). The accounting for the
observational selection of the transit method (see the
section “Accounting for the transit probability…”)
does not change the analyzed distribution signifi-
cantly, which follows from the Kolmogorov–Smirnov
homogeneity test of the distributions (α = –2.21 ±
0.04 for mmin = 0.68MJ and α = –2.25 ± 0.04 for mmin =
0.71MJ). This also agrees with the result of Series IAA for
exoplanets of this group after accounting for the obser-
vational selection (α = –2.17 ± 0.12). The hypotheses
on compliance of the values of mmin with the power law
are accepted on the basis of the corresponding test (see
the section “Calculation technique”, the subsection
“The power law compliance test”).

CALCULATION TECHNIQUE
Derivation of the Averaged Mass–Radius Relationship

The Averaged relationship was obtained in the fol-
lowing way.
Fig. 8. Histograms of the mass distributions of exoplanets of grou
distribution. (a) The Raw Data sample of exoplanets detected by
data. (b) The exoplanets obtained by adding the planetary masses
Data sample. 
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(1) The range of values of the radius is divided into
n equal, when expressed in logarithms, intervals.

(2) In each of the intervals, the mean logarithmic
values for the mass and the radius of planets are deter-
mined:

(6)

where R and M are the radius and the mass of planets
with R ∈ dRi.

(3) The obtained averaged values are approximated
by the k-order polynomial

(7)

where the coefficients ai (see the result of the calcula-
tions in Table 6) are determined by the least-squares
method.
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Fig. 9. Histograms of the mass distributions of exoplanets
of group 2 according to the Archive data (365 planets with
masses M ∈ [0.1, 13]MJ detected with the ground-based
instruments and the CoRoT and Hubble space telescopes).
Two cases are presented: the transit probability is ignored
(filled area) and taken into account (stepped line). The slant-
ing lines show the distribution laws ∂N/∂M ~ Mα obtained in
Series IAA (Ground last) and the present study (Group 2).
The vertical dashed lines indicate the minimal values mmin. 
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Fig. 10. The functions M(R) (green line) and R(M) (red
dots) and the mean logarithmic values of the mass and the
radius (brown dots connected by brown lines). The exo-
planets of group 1 (the Raw Data sample contains 386
planets with a mass of M ≤ 13MJ detected by the Kepler and
TESS space telescopes according to the Archive) are
shown by dots. The planets of small masses are divided by
radius (blue dots) while the giants, by mass (orange dots).
Five planets are considered to be outliers (black dots); and
they were ignored in the analysis, since each of them pro-
duces a significant effect, if it is accounted for. 
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Estimation of the Masses of Exoplanets by Their Radii

Due to the data uncertainty, the masses of exoplan-
ets of group 1, which were calculated by the models
described in the section “The statistical mass–radius
relationships…”, should be corrected. The corrections
of two types are introduced. For 21 planets, the masses

of which are known,  (Mmin = M – Δm– and
Mmax = M + Δm+), the mean relative deviation exceeds
the mass value (δM = (Δm+ + Δm–)/(2M) ≥ 1). Con-
sequently, for them, the value M* obtained from sim-
ulations under the condition M* ∈ [Mmin, Mmax] is
accepted. If the calculated value does not fall into this
interval, the closest value from this interval is assumed
for M*: M = min(|M* – Mmin|, |M* – Mmax|). More-
over, for 53 planets with masses M < 13MJ, for which
only the upper estimate of the mass Mmax is known, the
smallest value among Mmax and M* is assumed: M =
min(Mmax, M*).

The above-mentioned 74 planets (21 plus 53) can
be placed into a group, which is intermediate between
the groups, containing planets with reliably known
masses and unknown masses, respectively. The results
of simulations are presented in Fig. 11. As is seen from
the diagrams, for the same exoplanet of the intermedi-
ate group (the off-line points for the Averaged and
Bashi17 models), depending on the model, the calcu-
lated value or the value from the Archive will be used.

When analyzing the exoplanets of group 2, we
ignored 12 exoplanets from the analogous intermedi-
ate group (for 11 out of these planets, the mean devia-
tion exceeds the mass, while one planet has only an
upper estimate of the mass).

+

−
Δ
Δ

m
mM
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The Power Law Compliance Test

The Kolmogorov−Smirnov statistics is defined as

(8)

where FE(M) is the distribution function of the consid-
ered (empirical) sample M = {mi}, i = 1…n and FT
(M|α, mmin) is the theoretical distribution function
with parameters (α, mmin) determined from the distri-
bution of the sample M (Lemeshko, 2014). The
hypothesis H0 suggests that the empirical sample M
obeys the theoretical power law FT (M|α, mmin). This
hypothesis is composite, since the parameters α and
mmin are defined on the same sample, the compliance
of which is verified. Consequently, the compliance
criterion is not independent of the distribution (the
statistical distribution law depends on the form of the
distribution law, the method of estimating the param-
eters, and their values (see Lemeshko, 2014; Clauset
et al., 2009)). In this case, we may verify the hypothesis by
the distribution law generated for the statistics. For this, N
artificial samples Mj = {mi}, i = 1…n, j = 1…N, which are
similar to the analyzed one, are generated in the fol-
lowing way (Clauset et al., 2009):

(1) The number of masses npower from the sample
M, for which m ≥ mmin, are determined.

(2) The values mi are generated N times with the
probability ppower = nT/n; these values correspond to
the power law distribution F(α, mmin) with the
obtained parameters on the sample M, and the value
mi is randomly chosen from the sample M on the

( )= − αE T minmax   (  |  ,  ) ,D F M F M m
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Fig. 11. The exoplanets of group 1 (the planets with a mass of M ≤ 13MJ detected by the Kepler and TESS space telescopes) (blue
dots) are shown in the logM–logR plane together with the exoplanets, the masses of which were calculated from the statistical
mass–radius relationships according to the Averaged (a), Bashi17 (b), Chen17 (c), and Ning18 (d) models. 
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semiopen interval [Mmin, mmin) with the probability
puniform = 1 – ppower.

After this, in the same way as it has been done for
the empirical sample M, we determine the parameters
αj and mmin_j and the statistics Dj for each of the artifi-
cial samples Mj. Further, we find the ratio of the num-
ber of artificial samples NDj > D, the distribution of
which differs from the theoretical distribution law Fj
(αj, mmin_j) more than the distribution of the empirical
sample differs from the theoretical one F(α, mmin), to
the total number N of artificial samples: p = NDj > D/N.
The hypothesis H0 is not rejected (i.e., it is assumed
that the distribution obeys the power law), if this por-
Table 6. The coefficients ai of the polynomial Y(X)

Dependence a0 a1 a2 a

R(M) –7.02 ×10–3 6.67 × 10–2 –1.87 × 10–1 –3.69 
M(R) 7.94 337.7 580.2 512
tion is larger than the critical value pcr, which is speci-
fied beforehand. In other words, the hypothesis H0 is
accepted, if more than pcr × 100% of the similar artifi-
cial samples differ from the theoretical law more than
the analyzed empirical sample. According to recom-
mendations by Clauset et al. (2009), pcr = 0.1 and N =
2500 are assumed.

Figure 12 presents the result of the power law com-
pliance test performed by varying the lower boundary
of the distribution for the analyzed samples. The char-
acteristic values of mmin, at which the hypothesis was
not rejected, are listed in Table 7. As an optimal value
for the parameter α (see the section “The lower
boundary…”), we assume the value corresponding to
SOLAR SYSTEM RESEARCH  Vol. 55  No. 3  2021

3 a4 a5 a6 a7

× 10–3 3.85 × 10–1 –2.07 × 10–2 5.01 × 10–2 3.66 × 10–2

.5 245.4 61.7 8.49 –0.42
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Fig. 12. The dependences of p = NDj > D/N and D (Eq. (7)) on the minimal mass value in the considered interval for exoplanets
of group 1: the Raw Data sample of exoplanets detected by the Kepler and TESS space telescopes according to the Archive data
(a) and the samples obtained by enlarging the Raw Data by the planets with the masses calculated from the mass–radius relationships
according to the Averaged (b), Bashi17 (c), Chen17 (d), and Ning18 (e) models. The horizontal line indicates the value pcr = 0.1. 
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Table 7. The values of mmin, for which the hypothesis on compliance with the power law is not rejected

Sample The nearest to 0.02MJ interval Minimal value mmin < 1.8MJ (or 0.5log(MJ) )

Raw Data

Averaged

Bashi17

Chen17

Ning18

[ ]0.021,0.031 0.51

[ ]0.046,  0.087 0.54

[ ]0.038,  0.061 0.54

[ ]0.058,  0.24 0.56

[ ]0.75,  0.94 1.28
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the smallest criterion D (i.e., the best agreement with
the power law) with the nearest interval of mmin to
0.02MJ, for which pcr < p.

CONCLUSIONS

The mass distributions of transit exoplanets were
analyzed considering the peculiarities in the mass–
radius relationships.

The distributions built from the masses calculated
according to different mass–radius relationships gen-
erally correspond to those obtained in Series IAA,
where the observational selection was corrected without
using the mass–radius relationships. The agreement per-
sisted after accounting for the transit probability.

Analogously to the result of Series IAA, accounting
for the transit probability for exoplanets detected
mainly by the ground-based telescopes does not intro-
duce statistically important changes into the distribu-
tion on the considered mass interval. According to the
present analysis, this result is also valid for the exo-
planets detected by the Kepler and TESS space tele-
scopes. However, it is not consistent with the conclu-
sion of Series IAA about this group of planets. This
disagreement may be explained by the variability and
roughness of the models used to determine the statis-
tical mass of an exoplanet by its radius.

The transit photometric method covers the exo-
planets with a semimajor orbital axis smaller than
1 AU, and our analysis of the corresponding data
yielded no evidence regarding the structurization in
planetary systems (i.e., the interrelation between the
mass of an exoplanet and its mean distance to a host
star). We have arrived at this conclusion because all,
except one, distributions of the considered samples
(obtained from different mass–radius relationships)
before and after accounting for the observational
selection are statistically indistinguishable from each
other.

The mass distribution of exoplanets, for which the
unknown masses were calculated according to the
averaged dependence M(R) (Averaged), does not differ
much from the distributions built according to the
more complex Bashi17 and Chen17 models. The
Ning18 dependence M(R) and the distribution
obtained from this model substantially differ from the
other dependences and distributions due to the behav-
ior of the Ning18 dependence and that of the other
M(R) dependences in the region corresponding to the
giant planets.

For the Ning18 and Raw Data samples, we con-
structed the broken power-law, the indices of which
differ on three intervals. The distribution laws found
were compared to the analogous law based on the
planetary population synthesis analysis (Mordasini,
2018). The Ning18 distribution, which was enlarged by
adding the masses, agrees best of all (as compared to
the other samples considered) with that by Mordasini
(2018).
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