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Abstract

A starshade suppresses starlight by a factor of 10! in the image plane of a telescope,
which is crucial for directly imaging Earth-like exoplanets. The state of the art in
high-contrast signal detection methods was developed specifically for coronagraph im-
ages and focuses on the removal of quasi-static speckles. These methods are less useful
for starshade images where such speckles are not present. This work is dedicated to
investigating signal detection tailored to starshade images.

I begin with the first step towards the investigation: realistic starshade image
simulation. The simulation considers factors such as starshade defects and detector
noise. Then, signal detection methods are presented.

Due to the absolute faintness of Earth-like planets, an Electron Multiplying
Charged Coupled Device operating in photon counting (PC) mode is used. Typically,
PC images are added together as a co-added image before processing. Therefore,
I first introduce a detection method based on a generalized likelihood ratio test
(GLRT) for co-added images under the Gaussian assumption. I also extend the
method to mitigate the effect of exozodiacal dust. Then, I improve the method
by working directly with individual PC images using a Bernoulli distribution. The
Bernoulli distribution is derived from a stochastic model for the detector, which
accurately represents its noise characteristics. I show that my techniques outperform
a popular detection algorithm based on signal to noise ratio.

Besides successfully flagging the dim planets, my methods provide the maximum
likelihood estimate of exoplanet intensity and background intensity while doing detec-
tion. Moreover, my methods can help distinguish planet signals from artifacts caused
by starshade defects. It can also guide stopping observations early, providing confi-
dence for the existence (or absence) of planets. As a result, the observation time is
efficiently used. Besides the observation time, the analysis of detection performance

introduced in the thesis also gives quantitative guidance on the choice of imaging
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parameters, such as the threshold for PC mode. Last but not the least, though this
work focuses on the example of detecting point sources in starshade images, the frame-
work is widely applicable. All the methods are demonstrated on realistic simulated

images.
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Chapter 1

Introduction

1.1 The search for other worlds

The question “Are we alone in the Universe?” has been around for thousands of
years. Human beings have long been pondering over the question, speculating on
it, debating it philosophically and romantically imagining the possible other worlds.
In the 1990s, we eventually made exciting concrete progress to address the question
in the last decades by discovering the first exoplanets[75]. It forcefully responds to
the skepticism about the existence of exoplanets. Since then, the field of exoplanet
research has been developing fast: thousands of new exoplanets have been observed
and their properties have been studied.

The reason why the concrete progress didn’t happen until the late twentieth cen-
tury is not the lack of exoplanets in the Universe but that exoplanets are so hard to
find. First, the exoplanets are far. Proxima Centauri, the closest star to our Sun, is
4.2 light-years away. T'wo planets have been found orbiting around it[2} 24]. Without
any closer stars, we don’t expect to find any closer exoplanets. Second, exoplanets
are dim. While stars generate light by intense nuclear fusion in their interiors, planets

shine either only by reflection or by thermal radiation as a by-product of their forma-



tion. A sun-like star is much brighter (typically 100 million to 10 billion times) than
an Earth-like planet in its habitable zone [103]. Last but not the least, the biggest
problem is that dim exoplanets are close to their star. At a distance of 10 pc, the star
and the planets in its habitable zone are separated by around 0.1 arcseconds. Thus,

it is difficult to separate the planet light from that of the star.

1.2 Ways to find exoplanets

1.2.1 Indirect Methods

At first, astronomers tackled the challenges by inferring the existence of the exoplanets
from the starlight rather than directly observing the planets. One such method
is Radial Velocity (RV), which brought the research field of exoplanets to light by
discovering the first exoplanets. It has detected 821 exoplanets[76]. This method
is also often used to confirm planets found with other methods. The RV method is
based on the Doppler effect. It measures the line-of-sight (radial) velocity component
of a star’s motion. Consider a star with a planet, the plane of whose orbit lies in the
line of sight towards our telescope. Since both the star and the planet move around
their center of mass, the star will appear to move back and forth from the telescope.
Thus, the light collected will oscillate between a red-shifted extreme and blue-shifted
extreme[45]. This method provides us the knowledge of the orbital properties of the
system: the period, the eccentricity, the semi-major axis, the argument of periastron,
the time of periastron, and the minimum mass[17]. To validate that the Doppler effect
is caused by a planet rather than a faint star or a brown dwarf, we can calculate the
mass of the companion, when knowing the mass of the star and its velocity. If the
mass is small enough, we can infer that the companion is a planet.

Another method is the transit method. It detects the exoplanet by observing
the periodic stellar luminosity decrease[7]. The decrease happens when a planet

2



passes directly between its star and an observer, blocking some of the star’s light[32].
Transits can help unveil important information about the planet: the period, the
orbital radius, the time of the contact points, the inclination of the orbit, the radius
of the planet, and the actual mass of the planet (if following it up with a spectrograph
and RV)[I7). During a transit, a small portion of the starlight is filtered through
the upper atmosphere of the planet, where it is wavelength-dependency due to the
scattering properties of atoms and molecules in the planetary atmosphere. Thus, it
may reveal the knowledge of the atmosphere’s composition[91]. The transit method
has found 3275 exoplanets[76]. Largely due to NASA’s Kepler mission, its number of
exoplanet discoveries has surpassed that of the RV method[45].

The third detection method is gravitational microlensing. In this technique, light
from a distant (source) star is observed as another star at an intermediate distance
(the lens star) passes close to, or in front of it. Light from the source star is gravi-
tationally bent around the lens star and thus its apparent magnitude changes during
the event[55]. The method has detected 106 exoplanets|76]. Microlensing is a rare
event. Astronomers can’t predict when or where these lensing events will happen, so
they have to watch large parts of the sky over a long period of time[31].

The fourth method is astrometry. As mentioned in RV, a star will wobble around
in space due to a planet around it. Instead of measuring the radial component of
the star motion, the astrometry method measures the change of the star’s apparent
position in the sky[30]. It has discovered 1 exoplanet[76].

Orbital brightness modulation is a helpful method to detect an exoplanet in close
orbits even if it does not transit the star. As the planet goes through phases, the
reflected star-light will vary. As the planet is not resolved, its host star appears
to vary periodically. Therefore, this method is biased toward large, close-in planets
with high albedos, because they reflect more starlight[4]. Six exoplanets have been

discovered with this method[76].



Timing variations include a set of detection methods, which is based on an exo-
planet’s perturbations on the system’s periodic behavior. One of them is the transit
timing variation method. The method uses the fact that an exoplanet (planet A) will
not transit with a fixed period if the exoplanet is perturbed by another exoplanet
(planet B). Though planet B is ‘unseen’ in the transit, we can infer its presence from
planet A’s transit. This provides the opportunity to detect additional planets in the
system with masses potentially as small as that of Earth[49]. Twenty-one exoplan-
ets have been discovered by the transit timing variation method[76]. The eclipse
timing variation method observes binary stars. The brightness of the whole binary
star system varies when they orbit around and eclipse each other. A planet orbiting
the eclipsing binary will result in changes in the period of the eclipsing binary. The
eclipse timing variation method has found 16 exoplanets[76]. Pulsar Timing Varia-
tions method made one of the first exoplanet discoveries[I11]. The high accuracy of
pulsar timing allows low mass bodies orbiting the pulsar to be detected from changes
in pulse arrival times[79]. The method has detected 7 exoplanets[76]. The method of
pulsation timing variations detects planets by monitoring the pulsation arrival times
of a pulsating star, which is influenced by an external companion. This method
is most sensitive to detecting substellar companions around the hottest pulsating
stars, especially compact remnants like white dwarfs and hot subdwarfs, as well as A
stars[46]. Two exoplanets have been discovered by this method[76].

The most efficient methods among the above methods, the RV method, and transit
method, are biased towards planets in close orbits, typically smaller than 5 au[l7].
The RV method is biased towards giant, close-orbiting, large-period planets, and
the transit method is biased towards larger planets orbiting smaller stars[55, [17].
Moreover, the two methods are also hampered by astrophysical noise from the host
star itself, such as the stellar pulsations and surface granulation for RV and spots

for transit[I7]. Last but not the least, all the techniques above are indirect detection



methods, inferring the existence of an exoplanet by observing the change of its host

star’s light.

1.2.2 The Direct Method: Direct Imaging

Regarding these biases, direct imaging can help. This method detects a planet either
in the reflected light from the parent star (in the visible), or through its own thermal
emission (in the infrared)[79]. First of all, this method is complementary to other
methods by exploring the outer regions of exoplanetary systems. It is the only tech-
nique currently available to detect planets with semi-major axes greater than about
5 au in a reasonable amount of time[I7]. The distribution of mass and period of con-
firmed exoplanets discovered via different methods is shown in Fig. [[.1l Moreover,
this method is the only direct detection method. It provides valuable photometric,
spectroscopic, and astrometric measurements of the detected companions, which is
fundamental to characterize the planets. This provides information to identify the at-
mosphere’s composition and determine the pressure-temperature profile[I7]. It would
strongly suggest the existence of life if bio-markers such as O, O3 and C'H, are present
at significant abundance[56]. This evidence of the presence of life helps answer the

ultimate question, “Are we alone”.

1.3 High-contrast imaging

The first direct image of an exoplanet was taken in 2004 [16] and the discovery was
published in 2008[29]. This detection came a decade after the first exoplanet discovery
and hundreds of exoplanets had been discovered indirectly. The reason for this lag
is that direct imaging of exoplanets is extremely difficult. The two challenges for
direct imaging are the large contrast between the host star and the planets, and

the small angular separation between them. High-contrast imaging is defined as any
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Figure 1.1: Mass vs period for confirmed exoplanets. Not all current detections are
in the plot because their parameters are not known. The plot is obtained from the
NASA exoplanet archive.

imaging techniques revealing a celestial object of interest that is in such close angular
proximity to another source brighter by a factor of at least 10°, that optical effects
hinder or prevent the collection of photons directly from the target of observation[I7].
A sun-like star is much brighter (typically 100 million to 10 billion times) than an
Earth-like planet in its habitable zone [I03]. Model spectrum comparison of the Sun
and the planets[104] is shown in Fig. [L.2] . Moreover, at a distance of 10 pc, the
star and planets in its habitable zone are separated by around 0.1 arcseconds. Thus,
it is difficult to separate the planet light from that of the star in the image using

conventional imaging techniques. New techniques are needed. There are two main



solutions to the challenge of imaging objects in close proximity to much brighter ones:

the coronagraph and the starshade.
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Figure 1.2: Model spectrum comparison of the Sun and the planets as seen from 10

pe[104].

1.3.1 Coronagraphs

Generally speaking, coronagraphs are the optical devices inside the telescope to at-

tenuate the starlight. There are two types of coronagraphs: Lyot-type coronagraphs
7



and apodizers[83]. Lyot-type coronagraphs create contrast by blocking the starlight.
It was named after French astronomer Bernard Lyot, who invented it to block the
sun and observe the outer atmosphere of the sun[66]. Apodizers obtain contrast by
changing the point spread function (PSF). Numerous variations of the coronagraphs
have been invented[I8], 11}, 63, 87]. Our group at Princeton developed a type of binary
apodizers called shaped pupil coronagraph[98|, (59, 12} T06]. The pupil is designed to
be either fully transmissive or fully opaque in different regions. Coronagraphs are ex-
tremely sensitive to wavefront errors, which can be caused by atmospheric turbulence,
defects of the optical system such as imperfect mirror surfaces, and misalignments.
The resulting speckles (diffracted starlight) in the search area can mask the planets.
Wavefront correction is needed to mitigate the speckles. One important device for
wavefront correction systems is deformable mirrors (DMs), which change the surface
shape to compensate the wavefront errors. Our group at Princeton has made continu-
ous contributions towards the research of wavefront sensing and control[38], 1011, [102].

The layout of our coronagraph testbed is shown in Fig.

1.3.2 Starshades

One can also use a starshade, which is a large screen flying on a separate space-
craft positioned between the telescope and the star being observed, to suppress the
starlight before it enters the telescope. The use of an occulting disc to detect exoplan-
ets is first discussed by Lyman Spitzer at Princeton University in 1962[99]. Spitzer
credited R. Danielson at Princeton for the idea in the paper. To diffract starlight,
they suggested that the disk’s transparency increases smoothly towards the edge.
NASA later commissioned an investigation on the feasibility of an occulter mission
based on this idea[l12]. The concept of star-shaped external occulters is proposed
by Christian Marchal in 1985[68]. The concept uses a circularly symmetric binary

mask to achieve apodization. In 2006, Webster Cash at the University of Colorado
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introduced an apodization function[l4], called an offset hypergaussian. It was the
first to efficiently suppress diffraction by the 10 orders of magnitude needed to see
an exo-Earth[40]. Robert Vanderbei at Princeton applied optimization techniques to
generalize the design of the outer edge of an occulter reducing the size and achieving
better performance[I07]. The last two decades witnessed the growing interest in star-
shades and tremendous work on starshade technology advancement. Both analytical
and experimental work have been carried out for various aspects of the starshade
technology, such as error budgeting, optical modeling, experimental validation, de-
ployment, edge scattering and formation flying [92] [0} (72, 94] [34], 13| 42, 61, [5, 411 [78].
Several starshade mission concepts have been investigated and new concepts are con-

tinuously being proposed [15], 57, 00, 82], 81].



1.3.3 Comparison

In many ways, coronagraphs and starshades are complementary. Coronagraphs are
efficient for high-contrast surveys because it is easy to point the instrument to dif-
ferent targets. However, they have a low optical throughput and are very sensitive
to wavefront perturbations. Even small aberrations introduce bright speckles, which
influence the instrument’s ability for exoplanet observations[I02]. Thus, it imposes
many challenging requirements on the telescope and instruments to design coron-
agraphs with ~ 107! starlight suppression; two mission concepts under study are
Habitable Exoplanet Observatory (HabEx) [82] and Large UV /Optical/Infrared Sur-
veyor (LUVOIR) [8I]. In comparison, starshades are good at deep imaging and
spectroscopic characterization. As the starshade is outside of the telescope, there is
less scattered light compared to using a coronagraph. Therefore, starshades are not
sensitive to wavefront errors. This allows starshades to loosen the strict requirements,
such as the polishing tolerances of the primary mirror, and to be designed to operate
over a large bandpass. The total throughput is high since the starshade does not re-
quire any internal masking of the optical beam, which makes a starshade an excellent
option for deep spectroscopy, especially at small inner working angles (IWA). More-
over, a starshade’s IWA only depends on the size of the starshade and the distance
between the starshade and telescope, rather than the telescope aperture. Its outer
working angle is infinite. These are beneficial for exploring more areas in the habitable
zone. Fig. compares the performance of existing and future space high-contrast
instruments in the context of known planets. As shown in the plot, no instruments
can achieve the high contrast (~ 107!°) and small inner working angle (~ 0.1 arc-
sec) needed for detecting Earth-like planets. Fortunately, this region is accessible
to starshades. Starshades’ starlight suppression ability makes them an invaluable
tool for exploring whether planets could harbor life. However, one disadvantage of a
starshade is the time it takes to slew the starshade to realign it with different tar-
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get stars. The starshade’s ability to efficiently suppress the on-axis starlight while
maintaining high throughput makes it an excellent tool for exploring the habitability
of exoplanets. The Exoplanet Exploration Program’s roadmap of NASA exoplanet
missions is shown in Fig. [I.5] A recently studied potential mission is the Starshade
Rendezvous Mission: a starshade that will work with the Nancy Grace Roman Space
Telescope (previously called WFIRST)[90]. In the mission, the starshade is launched
separately and rendezvous with the telescope in orbit. Starshades are also baselined
for the HabEx mission concept[82]. LUVOIR also considers a starshade as a potential

mission enhancement[81]. This work focuses on direct imaging with starshades.

1.4 Motivation

1.4.1 Simulation of Realistic Images for Starshade Missions

There are two reasons why we need to simulate realistic on-sky starshade images.
First, it is impossible to have a full scale, ground-based starshade system test due to
the large distance between a starshade and a telescope (tens of thousands of kilome-
ters) and the large size of a starshade (tens of meters)[89]. Therefore, we must rely
on sub-scale tests and modeling to predict the on-sky performance of a starshade.
However, there is little dedicated research on the simulation of realistic images for
starshade missions. After my work, Hildebrandt et al. released a starshade imaging
simulation package called SISTER [47], which is similar to my work but also includes
more factors like starglint from our Sun. By evaluating the simulated performance
of a starshade with various errors, tolerance requirements like manufacturing and de-
ployment tolerances, surface and edge reflectivity tolerances, transmission tolerances
due to micrometeoroid damage, thermal fluctuations tolerances, and misalignment
tolerances can be further validated[89]. Second, it is the first step to test image pro-
cessing and detection methods for starshade images. Raw images contain speckles
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an Earth-like exoplanet. Figure created by Vanessa Bailey; Details can be found
https://github.com /nasavbailey /DI-flux-ratio-plot.

that degrade the final image and make it difficult to identify planets. The first part

of my project is devoted to the simulation of realistic Images for Starshade Missions.

1.4.2 Signal detection in starshade images

Due to the difference of the noise properties in coronagraphic images and starshade
images, previous work on signal detection in coronagraphic images loses its utility on

starshade images, which motivates the investigation of new techniques for starshade
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Figure 1.5: The Exoplanet Exploration Program’s roadmap of NASA exoplanet mis-
sions (Image credit: NASA/JPL/Caltech)

images. In this thesis, I focus on the impact caused by errors in the starshade shape
and exozodiacal dust and present an automatic detection algorithm, the generalized
likelihood ratio test (GLRT), to provide robust detection on low-signal images in the
presence of shape errors. I also introduce an iterative process to detect a planet in
the presence of significant exozodiacal dust. This work focuses on signal detection
without the need for post-processing (e.g., PSF subtraction). Post-processing may
improve the detection performance but could also complicate the data analysis process
and risks introducing artifacts into or removing part of the planetary signal. I believe
demonstrating our signal detection method on unprocessed images strengthens the
argument for the efficiency of our method. Detailed investigation on post-processing

is saved for future work.
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Another motivation for the investigation of signal detection in starshade images
is for its special imaging mode. A starshade or internal coronagraph can suppress the
starlight and leave only the planet’s light to be detected, however, the planets are
extremely faint, and detecting them is still a challenge. An Earth-like planet ranges
from 28" to 30" magnitude or fainter. As a result, the signal can be smaller than
the camera read noise. An Electron Multiplying Charged Coupled Device (EMCCD)
can alleviate this problem by amplifying the signal in an electron-multiplication (EM)
register, thus reducing the effective readout noise to less than one electron[48]. Unfor-
tunately, at the same time, a new noise is introduced — the multiplicative noise from
the amplification process. This can be overcome by operating in photon counting
(PC) mode. PC Mode reports a value of 1 or 0 in each pixel for each integration time
by thresholding the value at the final stage. The value reported in the pixel is one if
the number of electrons in a pixel is bigger than a chosen threshold and zero other-
wise. The binary value only indicates the existence of photons in the pixels during
the integration time but does not reveal the exact number of those photons, so the
exposure time needs to be chosen such that the expected photon count in any pixel
is much less than one[71]. Examples of simulated PC images are shown in Fig.
(all the simulations mentioned in this work use a 1 second integration time) and the
details about how the images are simulated can be found in Ref. 51l and Chapter [3]
The operation of an EMCCD in photon counting mode is fairly new and thus still de-
veloping. Available literature on the design and characteristics of EMCCD detectors
can be found in Refs. 26 28, 67, 23, 109, 39, 80, 48. A toolkit for starshade image
simulation has been published recently[47].

Previous work on image processing for PC images focuses mainly on image stacking
and Bayesian estimation methods[65] [43], which are applied to co-added PC images
rather than designed for individual PC images[36], [96]. However, all these methods do

not provide theoretical guidance on how to choose the integration times and the total
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number of PC images to combine into one co-added image. In my work, at the first at-
tempt, I also presented an alternative methodology for co-added PC images[50] which
can efficiently detect even weak signals automatically and give guidance for choosing
the optimal number of PC images for a co-added image. For further improvement, I
utilize a statistical model for the EMCCD to obtain a relationship between the detec-
tion probability and the photon rate. I use this distribution to formulate a Bernoulli
distribution for the values of the same pixel on different PC images. Then, sequen-
tial detection and estimation are performed. Consequently, detection and accurate

intensity estimation can be achieved within hundreds of seconds.

1.5 Dissertation organization

I begin this thesis with the review of the theory of diffraction and how starshades work
in Chapter In Chapter [3| T describe the image simulation process. It is used to
generate the test set for my planet detection methods. Chapter [4] presents the GLRT
detection method and represents the bulk of this work. First, I introduce the method
for the co-added images[50} [52]. Then, an iterative approach of GLRT is presented
to tackle the problem of exozodiacal dust. I also introduce the Bernoulli GLRT to
directly work on PC images, which utilizes a statistical model for the EMCCD and is
the most efficient. The Bernoulli GLRT is first introduced in our work Ref. 54, where
the method is called the Sequential Generalized Likelihood Ratio Test. We change
the method name to Bernoulli Generalized Likelihood Ratio Test to better reflect
that the improvement of performance is from the usage of an accurate model based
on the Bernoulli distribution for the detector [53]. I provide application examples
and comparisons of the performance of different methods. I end by summarizing my

work and outline future directions.
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Chapter 2

Starshade Theory

2.1 Diffraction theory

2.1.1 Introduction to Diffraction

Diffraction is “any deviation of light rays from rectilinear paths which cannot be
interpreted as reflection or refraction” [95]. It is caused by “the confinement of the
lateral extent of a wave and is most appreciable when that confinement is to sizes
comparable with a wavelength of the radiation being used”[37]. Diffraction theory
plays a vital role in various fields in physics and engineering. It is also the foundation
for my work.

The history of the development of diffraction theory is fascinating. Francesco
Maria Grimaldi is the first to accurately report on the diffraction phenomenon and
published the observation in 1665. The first explanation for the phenomenon is the
wave theory of light by Christian Huygens in 1678. However, the further development
of the theory was hampered by the famous scientist Isaac Newton, who believed in the
corpuscular theory of light, partly because of his great prestige[3]. Not until Thomas
Young supported the wave theory of light by the demonstration of interference did
further development resume. In 1818, Augustin Jean Fresnel combined Huygens’s
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principle of secondary waves and Young’s principle of interference, and calculated
the interference patterns. Fresnel’s work entered a competition sponsored by the
French Academy of Sciences in 1818, one of whose committee is Siméon-Denis Poisson.
Poisson was a supporter of the particle theory. He questioned Fresnel’s model and
pointed out that the model predicted an “absurd” result: a bright spot at the center of
the shadow of a circular opaque obstacle. However, Dominique-Frangois-Jean Arago,
the head of the committee, decided to perform such an experiment, and successfully
observed the predicted spot, which is known as “Poisson’s spot” or the “spot of
Arago” after that. The next great progress on further understanding diffraction is
made by James Clerk Maxwell. He described light as a propagating electromagnetic
wave. Gustav Robert Kirchhoff deduced the form of amplitude and phase from the
wave equation in 1882. The inconsistency in Kirchhoff’s boundary conditions was
pointed out by Henri Poincaré in 1892 and Arnold Sommerfeld in 1894. Sommerfeld
removed one of the boundary assumptions in Kirchhoff’s theory in 1896. One defect of
Kirchhoff’s and Sommerfeld’s theories was their scalar formulation. Friedrich Kottler
obtained the first satisfactory vectorial diffraction theory in 1923.

In this section, I briefly review the basics of diffraction theory and emphasize the
scalar diffraction theory, which describes the optical model of starshades. The main

reference used for this section is Goodman’s “Introduction of Fourier Optics” [37].

2.1.2 Scalar diffraction theory

The most fundamental analysis should be based on Maxwell’s equations. They rigor-
ously keep track of the electric and magnetic fields everywhere. They are accurate and
universally applicable but are challenging for common calculations. In some cases,
it is possible to make approximations to simplify the theory. For example, when the
diffracting structures have much larger physical dimensions than the wavelength and

the diffracting fields are not observed too close to the aperture, the scalar theory of
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diffraction introduces substantial gain of simplicity with little loss of accuracy. This
is precisely the case for this work. Therefore, the scalar theory of diffraction rather
than the vector theory is used.

The scalar diffraction theory assumes that the light field can be adequately rep-
resented by a complex scalar potential. Let the light disturbance at position P and
time ¢ be the scalar function u(P,t). For a monochromatic wave, the scalar field can

be rewritten in a compact form by using complex notation:
u(P,t) = Re{U(P)exp(—j2nvt)}, (2.1)

where Re- means “the real part of”; v is the optical frequency; U(P) is the complex

scalar potential and must obey the time independent equation:

(V2 4+ KU =0, (2.2)

where k& = 27” is the wave number and A\ is the wavelength. This is known as the
Helmholtz equation.

Consider the point P is in a closed surface S. Using Green’s theorem, we can

L (e U8G> " o

where G is an auxiliary function that also satisfies Eq. 2.2} and 5~ denotes a partial

derive the result:

derivative in the outward normal direction at each point on surface S.
Consider a specific closed surface S consisting of two parts as shown in Fig. 2.1}

a plane surface S; behind a diffracting screen and a spherical cap S;. Choose

G = cwpUkr) (2.4)

r
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It is a unit-amplitude spherical wave originated from point P . Thus, on 53, G =

—“p%m), and for large R, % ~ jkG. Therefore,

//s {G_ - U_] ds = //S {G— - U jkG)} ds
_ /QG (Z—Z - kU) R2dw,

where € is the solid angle subtended by Sy at P. As the disturbances U illuminating

(2.5)

the aperture will be a linear combination of spherical waves, the disturbance U will

satisfy
ou
lim R — —jkU ) =0. 2.6
e (8n J ) (26)
Moreover, |RG| = |exp(jkR)| < 1. Thus, the integration over Sy as shown in Eq.
can be neglected. This requirement is known as the Sommerfeld radiation condi-
tion. Moreover, as R goes to infinity, the screen extends to infinity too. Therefore,

Equation. 2.3 becomes

T //s ( o - U8G> *
)

where the last approximation is valid under the assumptions that: U and its derivative

(2.7)

g—g are zero behind the opaque screen; U and its derivative gU across 2 are the same

as they would be without the screen. These conditions are known as the Kirchhoff
boundary conditions.

Now consider that the Green’s function G is modified to:

G (P) - exp(jhr) eacp(jk;rl)7 (2.8)

T T1

19



S

Figure 2.1: Diagram of the closed surface chosen for diffraction by a plane screen

where the later term added is a unit-amplitude spherical wave originating from point
P5, which is the mirror image of point P on the other side of the screen, as shown in
Fig. 2.2 The previous analysis remains valid after this modification. G_ is now zero

on the aperture ¥. Therefore,

U(P) - ;—;//ZU%%CZS, (2.9)

This is the first Rayleigh-Sommerfeld solution. On the aperture X,

R _ (- ) 220

r

= 2cos(n, ) (jk — 1) exp(jkr)

) |
— cos(n, ™) (jk _ _) exp(jhr,
1

(&1

" r (2.10)
~ 2‘7‘k:cos(n,r)M
,
B 28G(P1)
T om

where the approximation is valid when 7 > X. Thus, Eq. can be written as

—1 oG
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As the wave number k equals 2{, the resulting formula would be:

UP) = J%\//z U(Pl)Mcos(n,r)ds. (2.12)

r

It expresses that the observed field at P is the combination of diverging spherical

waves originating from each point P; in the aperture X. This is known as the Huygens-

Fresnel principle.

Figure 2.2: Point source illumination of a plane screen

2.1.3 Fresnel Diffraction

Now consider the Huygens-Fresnel principle in rectangular coordinates as shown in

Fig. [2.3} Thus,

(2.13)
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where the last approximation is valid when (ng) and (y—:l) are reasonably small.

The resulting expression for Eq. is:

exp(jkz)

Ue.y) = 2T / (e meap {i-lla = €+ (v = 07 ded

_ exp(jk’z i & (22442) // U(&,n) e] £ (2+4n)? }eji(x&yn)dgdn
j)\z ’

(2.14)

which is known as the Fresnel diffraction integral. The later expression is in the form

of a Fourier transform(FT).

Figure 2.3: Diffraction geometry

2.1.4 Babinet’s principle

In the preceding section, the diffraction formula over an aperture on a screen with
infinite size was presented. In the case of starshades, there is a screen with finite size
in the infinite open space, which may pose a problem for the calculation. Fortunately,
Babinet’s principle resolves this issue.

The principle states that, if the union of a screen with an opening ¥ (as shown

in Fig. and a obstruction ¥; (as shown in Fig. is a completely obstructing
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Figure 2.4: A complementary screen of the aperture in Fig. 2.3

surface, the sum of the field behind X and the field behind ¥; is equal to the field

where there is no screen. That is:

Ufree =Us + Ugl. (2.15)
Thus,

Us, = Ufpee — Us. (2.16)

This is helpful to calculate the diffraction of starshades.

2.2 Theory of Starshades

We review how starshades work briefly in this section. More details about starshade
theory and design can be found in [107, 93], 8, 40].

Our goal is to suppress the on-axis light from the bright star with an external
occulter. Armed with the diffraction theory from Sec. [2.1], it is easy to find out that a

circular opaque occulter does not suppress on-axis light due to diffraction. One design
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idea is a mask with slowly increasing transmission along the radius. It is typical to
design the occulter circularly symmetric, so the Fresnel integral reduces to a one-
dimensional model along the radius, which is more numerically tractable. We can
design how the transmission changes with the radius, i.e., the apodization function,
to achieve the required level of light suppression. It is challenging to accurately make
a variable transmission mask, so we can approximate the apodized occulter using a
petalized binary occulter, i.e., starshades.

The value of an apodization function A(r) is the corresponding opacity at radius r
and can also be interpreted as the corresponding area ratio covered by the starshade
along that radius. An example is shown in Fig. [2.5(a). Its corresponding apodized
occulter is shown in Fig. [2.5(b). A(r) in the form of a polynomial function[I9] and
the form of a hypergaussian [14] is proposed to achieve required performance. Our
group solves for A(r) by minimizing the area under the apodization function subject
to the constrain of achieving the required suppression level[I07]. A 2-dimensional

binary starshade S can be generated from A(r), using the equations[105]:

S={(r,0),0<r <R,0e€0},
(2.17)

N-1
2 w 2mn
= — — —A(r),—+ —=A
@(T) U |: N N (T)’ N + N (T) ?
where S is the set of points in polar coordinates in the starshade; O(r) is the set of
corresponding angles for a radius r; N is the starshade’s total number of petals; and

n is the number of the petal that the set is defining. The resulting starshade is shown

in Fig. [2.5(c).
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Figure 2.5: Starshade design (a) The apodization function. (b) The apodized occulter.
(c) The binary occulter, i.e., the starshade. It is the one that I use in this work, which

is 13 meters in radius and has 16 petals and designed for the Starshade Rendezvous
Mission[90].
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Chapter 3

Realistic starshade image

simulation

In this chapter, I describe the process of simulating images from a starshade obser-
vation, which involves calculating the propagation of the astronomical scene through
the starshade system to the telescope’s image plane and then passing through the de-
tector. Figure shows the detailed process for simulating Starshade images, which
incorporates the main factors that influence the image of a realistic starshade observa-
tion. In the simulation, a binary matrix represents the starshade outline and defects
are added to the shape by adjusting this matrix; the alignment between the starshade
and telescope is accounted for by adding time-dependent formation flying dynamics
to the diffraction calculation; and a detector model[48] for the Roman Telescope is
used, which includes a clock-induced charge, dark current, degradation during a life-
time, polarization losses, and read noise. Wavefront errors are inevitable for optical
systems. By inlcuding Zernike modes at the pupil plane, the effect can be accounted
in the simulation. However, they do not introduce noticeable changes in starshade
images[b1]. It is also easy to include misalignment is between the star, the starshade

and the telescope in the simulation by change the coordinates in the corresponding
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integrals. The effect on images is negligible if the misalignment within meters. In
this thesis, I will not further elaborate on these two factors.

Section [3.1]starts this chapter with an explanation of how to calculate the resultant
diffraction of light from a point source propagating past a starshade. Then, in Sec.[3.2]
I introduce the input astronomical scene used for the simulation. I follow it with
the description of the efficient method to calculate the result from a whole input
astronomical scene in Sec. [3.3] After these sections of image simulation for the most
basic case, I extend to cases with starshade errors in Sec.[3.4] In Sec.[3.5] the final step
for realistic image generation is introduced: using the detector model to add various
sources of noise. At last, I provide some examples of the simulated images. Unless
otherwise stated, the starshade used in this thesis is the designed for the Roman

Space Telescope and is 13 meters in radius and has 16 petals, shown in Fig. 2.5

[ Inside ROI: Propagation; Outside ROI: Convolution; ]
A

Sequential photon counting images are added.

Perfect/Defective [~ . N|Photon rate on [ Noise Photon
Starshade pag focal plane Model counting
images

Astronomical
scene

Final images]

Figure 3.1: Diagram of the image simulation process with starshade system illus-
tration(not drawn to scale). The illustration, i.e., light sources, a starshade, and a
telescope, on the bottom is aligned with the description above. Region of influence
(ROI) is the area defined at the simulation input, i.e., the astronomical scene, be-
yond which the incoming light is considered a plane wave and is not diffracted by the
starshade.
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3.1 Propagation through the starshade model

The propagation process contains four planes and two calculations, as shown in
Fig. PO is the astronomical scene plane; P1 the starshade plane; P2 the pupil
plane; P3 the image plane. As our starshade imaging system is very far away from
the light sources, the light from a point source can be taken as a plane wave when
it reaches the starshade plane P1. Additionally, we can treat off-axis light sources as
plane waves with corresponding incident angles. The propagation from P1 to P2 can

be calculated from the Fresnel diffraction equation. The electric field at P2 is given

by
2jm '7r(12+ 2)
i e v oo
E(x,y;x0,40) = —————
JAz oo
j2rassin(8)sin(a)+yssin(8)cos(a) in@2492)  jem(aastyys)
e A As(zs,ys)le » e o dagdys, (3.1)

where (zg, o), (xs,ys) , (z,y) , are coordinates in planes PO, P1 and P2 respectively;
z is the distance between planes P1 and P2; 6 and « are the incident angles in plane
P1 along the x- and y-axes, respectively; and Ag(xs, ys) is the 2-D transmission profile
of the starshade. The incident angles should satisfy sin?(0) + sin?(a) < 1, and each
value in the matrix Ag(xg,ys) is between zero and one. Values of the pixels inside
the boundary of the starshade equal zero, which means ‘opaque’. Values of the pixels
outside the starshade equal one, which means ‘open space’. When the boundary line
of the starshade falls in one pixel, one part of the pixel is outside the starshade and
the other part is inside. And the value in that pixel is the area ratio of the pixel
outside the starshade relative to inside.

As the focus of the telescope is set on light sources at infinity, the quadratic phase

term introduced by the lens will cancel out the quadratic phase term in the Fresnel
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Figure 3.2: Diagram of the propagation. As our imaging system is very far away
(around 10 pc) from the light sources, we can consider light from off-axis light sources
as plane waves with corresponding incident angles. PO is the astronomical scene plane;
P1 the starshade plane; P2 the pupil plane; P3 the image plane.

diffraction equation from P2 to P3. Therefore, the electric field at P3 is given by

P mx “’l +oo
Ei(xi, yi; ®o, Yo) = // E(z,y;20,90) P(x,y)]e mdﬂi%

(3.2)
where (z;,y;) is the coordinate in plane P3, P(z,y) is 1 inside the aperture and 0
otherwise; f is the distance between the two planes and also the focal length. The
diffraction integrals in this work are calculated via Matrix Fourier Transforms[97].
The result of these calculation is the noiseless image arriving on the detector. The
pixel size on the detector (image plane) is 0.021 arcsec/pixel, however, the calculations
are performed at 0.003 arcsec/pixel and then combined into 0.021 arcsec/pixel to

replicate the detector pixel size.
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3.2 Input astronomical scene

The input for the image generation process is a discretized astrophysical scene of our
solar system (0.0300000 AU per pixel) as viewed face-on from 10 pc away developed
as part of the Haystacks Project[86]. The Haystacks models contain two state-of-the-
art models of the solar system with high-fidelity spatial and spectral information of
complete planetary systems including star, planets, interplanetary dust, and astro-
physical background sources such as galaxies and Milky way stars. One model is for
the solar system in the Archean Eon 3.5 billion years ago and the other is for the
present day; we use the present day model.

The Haystacks model contains multi-wavelength image slices, covering the range
from 0.3 pum to 2.5 um. Each image centers on the star. The star and planets are
set at the proper locations, represented as single-pixel sources. The pixel values in
the image slices are spectral flux densities in units of Jy. The pixel size is 0.1AU x
0.1AU. Figure 3.3(a) shows a single image slice at a wavelength of A = 0.55 pm at
perfect resolution. To see the details of the image, I have reduced the dynamic range
by reducing the stellar flux in Fig. 3.3l To more clearly demonstrate the detection
problem in the latter part of the thesis, I will mostly zoom in to show the center star

and planets around it, as shown in Fig. [3.3(b).

3.3 Simplified propagation for off-axis sources

The optical model to calculate the starshade diffraction uses Fresnel diffraction
theory[93] to propagate light past the starshade. The derivation of Fresnel propa-
gation for my application has been introduced in Chapter [2 However, calculating
the propagation of each pixel separately in Haystacks is computationally expensive.
To solve this problem, we first need to investigate the system’s response for light

sources at different angular separations from the starshade. To better demonstrate
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Figure 3.3: Input astronomical scene from Haystacks[86]. (a) The present solar system
as viewed from 10 pc — at A = 0.55 um in logarithmic scale flux (the central star is
made 10' times dimmer to reveal fainter features). (b) The zoomed-in view of the
image in (a).The star and planets are represented as single-pixel sources. The bright
areas around the center are interplanetary dust.

the difference in the system’s response, i.e., PSFs, the illustrations in this chapter
use 0.003 arcsec as the pixel size.

The PSF without a starshade is shown in Fig. |3.4{a). Fig. 3.4(b)-(f) shows ex-
amples of PSFs where the light source has moved from on-axis to off-axis with the
starshade and telescope. As the light source moves away from the alignment, the
peak of the PSF shifts and the PSF brightens until it settles to the constant free-
space value. Meanwhile, the shape of the PSF first becomes asymmetrical and later
symmetrical again. It is noticeable that the PSF in Fig. [3.4(e) and (f) is similar to
the one without the starshade as shown in Fig. |3.4{(a). Fig. compares the cross-
sections of the PSFs along the center axis with and without a starshade from Fig. [3.4]
As the light source moves away from the alignment, the PSF becomes similar to the
one without the starshade. Fig. demonstrates how the maximum value in the PSF
changes with the light source’s position. It agrees with the observation above that

the PSF becomes brighter at first and then has little change when it is similar to that
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Figure 3.4: PSF's of light sources with different positions relative to aligned starshades
and telescope. The color map is in a logarithmic scale. The intensity is normalized by
the maximum intensity of the PSF without starshade, which is actually the contrast.
(a). The PSF for the system without starshades. (b). The light source is aligned with
starshade and telescope at: (b) 0 arcsec, (¢) 0.018 arcsec, (d) 0.042 arcsec, (e) 0.072
arcsec, and (f) 0.102 arcsec. As the light source moves out of alignment, the PSF
becomes brighter and then becomes constant. Meanwhile, the shape of the PSF first
becomes asymmetrical and later symmetrical again. It is noticeable that the PSF in
(e) and (f) is similar to the one without the starshade as shown in (a).

of the PSF without starshades. Finally, Fig. validates how similar the shape of
the PSF's are. I shift the off-axis PSF's with the starshade to the center by the length
of its corresponding light source’s misalignment. The two lines overlap very well in
Fig. 3.7/ (b), meaning PSFs are the same. As the plot is in a log scale, the main light
spot is much brighter than all other locations. Thus, I consider that the two PSFs
are the same if the main spots are the same. The starshade stops having an effect at
roughly 0.09 arcsec for A = 0.55 pum.

The above discussion shows that starshades have a noticeable influence on light

propagation only for a small area in close proximity to the starshade, which I call the
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Figure 3.5: The cross-sections of the PSFs of light sources with different positions
relative to aligned starshades and telescope, as shown in Fig. [3.4 As the light source
moves away from the alignment, the PSF becomes similar to the one without the
starshade. As I calculate one result every 0.003 arcsec, the curves are piece-wise
linear rather than smooth.

region of influence (ROI). The ROI is defined at the input plane of the simulation and
is the angular separation of a source, beyond which the incoming light is considered
a plane wave and is not diffracted by the starshade. When the light source is outside
the ROI, we can neglect the effect of the starshade. Furthermore, when the PSFs
for sources are outside the ROI, the shifted on-axis PSF without a starshade is a
good approximation for them, as shown in Fig. [3.7. Therefore, outside the ROI, we
can approximate the system as a linear invariant system and thus use a convolution.
The convolution is proved for similar cases in some textbooks [37]. Thus, I only use
Fresnel propagation inside the ROI and simply convolve point sources outside the

ROI with the telescope PSF without starshades.
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Figure 3.6: The maximum of the PSF's of light sources with different positions relative
to aligned starshades and telescope. As I calculate one result every 0.003 arcsec, the
curves are piece-wise linear rather than smooth.
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Figure 3.7: Comparison of the PSF without a starshade and the PSF's of light sources
with different positions relative to aligned the starshade and telescope. The PSFs with
the starshade are shifted to the center by the length of its corresponding light source’s
misalignment. (a) The light source is off-axis by 0.102 arcsec. (b) The light source is
off-axis by 0.330 arcsec. The two lines overlap very well, meaning PSFs are the same.
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3.4 Starshade errors

Accurately shaping the starshade is the key to achieving high contrast. Starshades
are designed to let the right amount of light get through to destructively interfere
such that the on-axis electric field is close to zero. In reality, the starshade’s shape
may not be the same as designed during the mission. There are several potential
causes: a perfect starshade is challenging to manufacture; the starshade bends be-
cause of thermal effects or vibrations; micrometeorites damage the starshade. For
example, truncated tips can occur during manufacturing and a petal clocked from its
nominal position is possible during deployment in space. Thus, we need to include
the influence of various shape errors to the performance of suppressing starlight and
generate realistic images. To model various asymmetric errors, I change the value
of the apodization function for a specific petal A(n,r), i.e., A in Eq. is now
dependent on petal index n. Here I demonstrate the error effect of two shape errors:
truncated tips and petal clocking. More detailed investigation on the general forms

of the shape errors and the tolerance can be found in Ref. 8.

3.4.1 Truncated tip

When designed, the starshade shape changes smoothly from the solid center to the
petals, and then to the open space. However, due to limited manufacturing abilities
and accidental errors, tips and valleys could possibly be truncated. I will refer to the
starshade with such errors as a truncated starshade for simplicity. To model the petal
number n truncated by an amount of z, we can set the apodization profile A(n,r)
equal to zero for radial distances r > (R — x), where R is the designed radius.

We use a specific truncated starshade as an example to demonstrate the effect of
the truncation. The radius of one petal of this truncated starshade is shortened by

6.5 mm, resulting in a tip width of 48.3035 mm (the radius of the designed starshade
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Figure 3.8: Effects of a truncated tip. (a) To better illustrate the truncation defect,
the starshade is truncated by 1.6246 m in radius, resulting in a tip width of 0.8921
m. The exaggerated defect size in the figure is not to scale and is only for illustration
purposes. For image simulation, the truncation is much smaller. (b) The starshade
has a tip truncation in the same position as that in (a), but the radius of one petal is
only truncated by 0.0065 m, resulting in a tip width of 0.0483 m. The resulting PSF
is brighter in the corner because of the effect of the truncation.

is 13 m and the petal tip width is 48.3216 mm). The defect is illustrated in [3.§|(a)
and its corresponding PSF is shown in figure [3.8(b). The PSF is disturbed by the
leaking light from the truncated tip. A comparison of the PSFs with different degrees
of truncation on the same petal is shown in figure[3.9] Judging from this figure, larger

truncations lead to a brighter PSF, as we would expect. Meanwhile, as the truncation

size gets larger, the shape of PSF becomes symmetrical but not centered.

3.4.2 Petal clocking

The diameter of a starshade is on the order of tens of meters, so the starshade will be
folded to fit inside a rocket, and then deploy to the designed shape in space. Each petal
has to go to the designed place accurately to ensure good optical performance when

the starshade unfolds in space. Here, I demonstrate one of the possible deployment
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Figure 3.9: PSFs of light sources for starshades with different truncation sizes. The
light source, the starshade, and the telescope are aligned. The position of the trun-
cation is the same as shown in Fig. [3.8(a). (a). The petal is truncated by 0.0325 m,
resulting in a tip width of 0.0482 m. (b). The petal is truncated by 0.0650 m, result-
ing in a tip width of 0.0481 m. (c). The petal is truncated by 0.0975 m, resulting in
a tip width of 0.0480 m. (d) The petal is truncated by 0.1300 m, resulting in a tip
width of 0.0478 m. (e). The petal is truncated by 0.1625 m, resulting in a tip width
of 0.0477 m. (f). The petal is truncated by 1.6246 m, resulting in a tip width of
0.8921 m. As the truncation size gets larger, the PSF becomes brighter and its shape
is asymmetrical at first and symmetrical later. Moreover, the PSF is not centered.

errors: petal clocking. I will refer to the starshade with such errors as a petal-clocking
starshade for simplicity. I add a constant angle shift for number n petal in equation
The shifted petal will be located partially in the number n — 1 or n+ 1’s region.
That is to say, the revision of one petal will influence the petal area beside it. I choose
the union of shifted number n petal and number n — 1 or n + 1 petal.

One example starshade, one of whose petals is clock-wise displaced, and the re-
sulting PSF are shown in Fig. [3.10] Similar to a truncated starshade, the PSF of a
petal-clocking starshade is disturbed by the leaking light from the displaced petal.

A comparison of the PSFs with different degrees of petal displacement on the same
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Figure 3.10: Effects of clocking petals. (a) To better illustrate the displacement
defect, the petal is clock-wise rotated by 3¢ rad. The exaggerated defect size in the
figure is not to scale and is only for illustration purposes. For image simulation, the
clocking angle is much smaller. (b) The PSF for the system with a starshade that

has a clocking angle of £ rad in the same position as that in (a). The resulting

PSF is brighter in the corner because of the effect of the defect, compare to the PSF
from the perfect starshade in Fig. [3.4]

petal is shown in figure |3.11} Judging from this figure, larger displacement leads to
a brighter PSF, as we would expect. Meanwhile, as the size of the displacement gets

larger, the shape of PSF becomes symmetrical but not centered.

3.5 Detector model

3.5.1 Stochastic model for EMCCDs in photon counting

mode

With the information in the previous sections, we are able to obtain the photon flux
arriving on the detector. The last step of simulating a realistic image is to include

the detector model.
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Figure 3.11: PSF's of light sources for starshades with different petal-clocking angles.
The light source, the starshade and the telescope are aligned. The position of the
petal clocking is the same as shown in Fig.|3.10[(a). (a). The petal is rotated clock-
wise by z37es rad. (b). The petal is rotated clock-wise by 1527 rad. (c). The petal is
rotated clock-wise by 55 rad. (d) The petal is rotated clock-wise by 55= rad. (e).
The petal is rotated clock-wise by 5z rad. (f). The petal is rotated clock-wise by 35
rad. As the angle gets larger, the PSF becomes brighter and its shape is asymmetrical
at first and symmetrical later. Moreover, the PSF' is not centered.
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Figure 3.12: (a) Simulated point spread function (PSF) for The Nancy Grace Roman
Space Telescope without a starshade for a le-8 Jy light source, 0.021 arcsec/pixel.
(b) A photon counting (PC) image of (a) with 1s integration time. (c¢) A co-added
image from 2000 sequential PC images.
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Hirsch et al.[48] present a detailed imaging process for an EMCCD and build a
statistical model for each stage of the imaging process. Their statistical model is
built as follows[48]. First, incident photons follow a Poisson process. Second, the EM
register is represented by a gamma distribution. Third, readout noise is added using
a Gaussian distribution. Fourth, a threshold is applied to give a binary result.

Hirsch et al. use some approximations to simplify and arrive at the equation for

the probability distribution for the number of electrons in a pixel,

L_ecxp(—\ — —(""C_BPC)Q) + %FX(Q)\; 4, 27;%'6), Nie > 0

2wo 202
p(ni) = . (3.3)
ﬁexp(—)\ + 32£), nie = 0,

where A is the expected number of input electrons for the EM register,

A=sxgxt+dxt+CIC, (3.4)

s is the photon rate; ¢ is the quantum efficiency; ¢ is the integration time; d is the
dark current; C'IC is the clock induced charge; n;. is the number of counts after
the EM register, including readout noise; p(n;.) is the probability of counts n;.; o is

the standard deviation of the readout noise; ¢ is the EM gain; Bpc is the bias in

PC mode; F,(2);4, 2

g"C) is the non-central y? distribution for 2\ with 4 degrees of

freedom and the non-centrality parameter %. Units for these parameters are shown
in Table B.11

An EMCCD decreases the read-out noise to the sub-electron level by amplifying
the signal before readout. However, the amplification process introduces an excess
noise factor (ENF) that reaches 22 at high gains[100]. The effect on the signal to noise
ratio (SNR) is the same as if the quantum efficiency of the EMCCD were halved[22].
This can be overcome completely by operating in photon counting (PC) mode. PC

mode applies a single threshold at the final stage and reports a binary result. The
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pixel registers a detected photon if its count level is higher than a specified threshold,
and reports no photon otherwise. This solution alleviates the ENF without making
any assumption on the signal’s stability across multiple images[22].

Combining models for all the stages described above produces the final model,
which calculates the probability of getting a value of 1 in a detector pixel given a
certain incident intensity. Thus, with a threshold of Bpc+T X o, set by the threshold

parameter 7', the probability of detecting a value of one is:

= b (35)

ch+TXO'

where f(s) is shortened for f(s;q,t,CIC,d, g, Bpc,o,T) (the detector parameters are
not shown explicitly). The value in each pixel in each image only has two outcomes:
either 1 or 0. The probability of getting a value of 1, f(s), is decided by the ground-
truth of the flux, s. As the flux in each pixel is fixed for stable observations, the
probability is fixed. That is to say, the measurement in each pixel in each image
satisfies a Bernoulli distribution (the Bernoulli distribution is simply the probabilities
of “heads” (p) and “tails” (1-p) in a weighted coin flip). In this work, the values
of detector parameters are shown in Table [3.1) which are similar to the parameter
values for the Nancy Grace Roman Space Telescope[84], and a starshade is aligned for
starlight suppression. I assume that all the detector parameters such as integration
time are fixed, which is reasonable assumption as the total integration time for the
images needed in our analysis is short enough (Please see Ch. ). Therefore, for each
pixel, the imaging result follows a Bernoulli distribution whose probability of value 1
is only related to the flux value in the pixel. Fig. shows results for the detection
probability given different flux levels and the calculated derivative of this probability.
The detection probability increases as the flux increases, where a very small flux or a

very large flux tends to give deterministic zero or one measurement.
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The choice of imaging parameters (integration time, PC threshold, etc.) helps
efficiently detect signals. The binary value in PC images only indicates the existence
of photons in a pixel during the integration time but does not reveal the exact number
of the photons. To utilize the photons efficiently, the exposure time is chosen so that
the expected photon count in any pixel is much less than 1. To decide a threshold for
PC, we need to also pay attention to signal intensity and integration time, because
they have similar influence on the result. Suppose that we have decided on the
integration time and the expected range of signal intensity. To determine the imaging
parameters, we can directly utilize the area under the receiver operating characteristic
(ROC) curve (AUC) (Details of ROC and AUC are in Sec. [4.4]), which is a number
reflecting the overall detection performance. For one threshold, we can calculate the
average of the AUCs for different signal intensities in the expected intensity range.

The threshold with the largest average AUC should be chosen.
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Figure 3.13: Detection probability and its derivative. (a) Detection probability as a
function of photon flux, f(s), calculated by Eq. , where s is in units of photons
per second. (b) Derivative of the detection probability. The inserts are the same
plots shown with a logarithmic abscissa. I use the detector parameters values shown
in Table , which are similar to the parameter values for the Roman Telescope[84]
and assume a starshade for starlight suppression.
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Table 3.1:

Parameters for simulation of solar system as viewed from 10 parsec.

Parameter Value Unit

Sun flux 45.66 Jy

Venus flux 2.99e-8 Jy

Earth flux 4.85e-9 Jy

Venus angular separation 70 mas

Earth angular separation 96 mas

Radius of the ROI 100 mas

Wavelength 0.55 um

Bandwidth 0.12 wm

Radius of the starshade 13 m

Separation between starshade and telescope | 3.72e7 m

Telescope diameter 2.4 m

Detector’s pixel size 0.021 arcsec

Quantum efficiency 1 ph/e”

Integration time 1 S

Clock-induced charge 0.01 e~ pizel ! frame™!
Dark current 2x 1074 e pizel ts!
Electron-multiplying gain 2500 —

PC Bias 200 e~ pizel ™ frame™!
Standard deviation of readout noise 100 e~ pizel ™! frame™!
Threshold Parameter 5.5 —

Number of PC images in one co-added image | 2000 —

3.5.2 Co-added images

Typically, the ‘binary” PC images are not used directly, but rather are added together
to create a final image, which I will call a co-added image. In this way, the co-
added images have a large enough dynamic range so the different intensity of the
sources can be well-reflected. The number of PC images to combine into one co-
added image is denoted by N;,. In this work, I use N;, = 2000, if not specified
otherwise; guidance on how to choose Nj,, is provided in Sec. To visualize
the detector’s performance, Monte Carlo is used to calculate the probability density
functions (PDF) of the photon counts for different ground-truth photon flux in a
co-added image from 2000 PC images, shown in Fig. [3.14a). Four of the PDF’s are

plotted in Fig.|3.14{b); the parameters in the simulations are listed in Table A
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Figure 3.14: Probability density functions of the photon counts for different ground-
truth photon flux. (a). Each row is the probability density function (PDF) of photon
counts observed in one pixel in a co-added image from 2000 PC images corresponding
to the photon flux in that pixel. (b). Example PDF’s of the photon counts for four
different ground-truth photon flux, which correspond to the ones in (a). The PDF
of photon counts observed in one pixel in a co-added image from 2000 PC images
corresponding to the photon flux 0.01 count/s, 0.1 count/s, 1 count/s and 5 count/s
in the pixel.

photon rate of 0.1 photon/s (our expected maximum rate) is well within the linear

response regime.

3.6 Example results

With the tools mentioned above, I am able to simulate realistic starshade images.
I present the simulated starshade images for the solar system as viewed from 10 pc
away. The starshades used are a perfect one as designed, two truncated starshade with
different sizes of truncation, and two petal-clocking starshades with different sizes of
misplacement. The starshade as designed can effectively suppress the starlight, but
the bright dust will affect the visibility of the Earth signal, as shown in Fig. [3.15]
Even small starshade defects will introduce bright spots in the image, which may be
mistaken as planet signals, as shown in Figures to [3.19
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Figure 3.15: The simulated starshade image for the solar system as viewed from
10 pc—astronomical scene from Haystacks[86] as in Fig. [3.3|. The bottom row are
zoomed-in views of the images above. The left column is a simulated image with a
perfect starshade at A = 0.55 um and with a bandwidth of A = 0.12 um, and no
detector noise. The right column is the coadded image from 2000 PC images. The
starshade successfully suppressed the starlight in the center. Mars is too dim to be
seen and Earth is of similar brightness as the exozodiacal dust.
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Figure 3.16: The simulated image for the solar system as viewed from 10 pc —
astronomical scene from Haystacks[86] as in Fig. [3.3] with a truncated starshade.
The bottom row are zoomed-in views of the images above. The starshade has a
tip truncated by 0.0065 m as in Figf3.§] . The left column is a simulated image
with a truncated starshade, and no detector noise. The right column is the coadded
image from 2000 PC images. The starshade successfully suppressed the starlight in
the center. Mars is too dim to be seen and Earth is of similar brightness as the
exozodiacal dust. There is a bright spot caused by starshade defects.
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Figure 3.17: The simulated starshade image for the solar system as viewed from 10
pc — astronomical scene from Haystacks[86] as in Fig. . The bottom row are
zoomed-in views of the images above. The starshade has a tip truncated by 0.0325
m as in Figf3.8. The left column is a simulated image with a truncated starshade,
and no detector noise. The right column is the coadded image from 2000 PC images.
The starshade successfully suppressed the starlight in the center. Mars is too dim to
be seen and Earth is of similar brightness as the exozodiacal dust. There is a bright
spot caused by starshade defects.
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Figure 3.18: The simulated starshade image for the solar system as viewed from 10
pc — astronomical scene from Haystacks[86] as in Fig. [3.3] . The bottom row are
zoomed-in views of the images above. The starshade has a clocking angle of 5z7=5
rad in the same position as that in Fig. [3.10(a). The left column is a simulated
image with a petal-clocking starshade, and no detector noise. The right column is
the coadded image from 2000 PC images. The starshade successfully suppressed the
starlight in the center. Mars is too dim to be seen and Earth is of similar brightness
as the exozodiacal dust. There is a bright spot caused by starshade defects.
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Figure 3.19: The simulated starshade image for the solar system as viewed from 10 pc
— astronomical scene from Haystacks[86] as in Fig. [3.3]. The bottom row are zoomed-
in views of the images above. The starshade has a clocking angle of 0.00019175 rad in
the same position as that in Fig. [3.10[a). The left column is a simulated image with
a petal-clocking starshade, and no detector noise. The right column is the coadded
image from 2000 PC images. The starshade successfully suppressed the starlight in
the center. Mars is too dim to be seen and Earth is of similar brightness as the
exozodiacal dust. There is a bright spot caused by starshade defects.
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Chapter 4

Signal Detection

4.1 Introduction and problem statement

4.1.1 Introduction

This chapter presents automatic detection methods for starshade missions. This
work is motivated by the lack of any previous investigation into signal detection in
starshade images. We begin the chapter by reviewing past work on signal detection
for direct imaging, most of which are specialized to coronagraph images. Because of
the difference in the noise properties in coronagraph images and starshade images,
previous work on signal detection in coronagraph images loses its utility on starshade
images.

The biggest challenge for coronagraph images is the noise floor set by quasi-static
speckles. Different observing techniques and post-processing methods have been de-
veloped to try to attenuate the speckles before attempting detection. They are all
based on differential imaging, which consist of estimating the star-only coronagraphic
image and subtracting it from the science images (also called speckle subtraction
technique). Differential imaging relies on specific observation strategies such as an-
gular diversity (ADI)[70], spectral diversity (SDI)[69], or multiple reference star im-
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ages (RSDI)[I] to generate the differential signal. The KL Image Projection (KLIP)
algorithm[96] and Locally Optimized Combination of Images (LOCI) algorithm[64]
are popular post-processing algorithms for star PSF subtraction. However, for star-
shade images, the residual starlight is minimal and there are no quasi-static speckles,
which means these techniques and algorithms are less important. The various speckle
subtraction methods developed for coronagraphic images may serve to improve de-
tection in starshade images, but it is beyond the scope of this work to include them.
We focus on planet detection in images that have not been post-processed and leave
that work to be done in the future.

In my work, I do not post-process the images (as in speckle subtraction), so we
now move to detection methods. Ref. 6l and Ref. 58 use hypothesis testing for the
detection. The unknown parameters such as the planets’ positions and intensities can
be removed by marginalizing the probability[6] or using worst-case values [58]. How-
ever, the choice of priors or using the worst-case values is an open question. Ref. [58
assumes a known constant background; in my method, I will estimate the background
by a maximizing the likelihood. Ref. [73 (SNRt map) essentially tests if the intensity
of a single test resolution is different from the other resolution elements in a 1\/D-
wide annulus at the same radius. They use small sample statistics to address the
problem of the statistical significance of detection when few realizations of spatial
speckles vs azimuth are present. Ref. 10l (ANDROMEDA) makes a signal template
considering over /self subtraction caused by ADI rather than directly using a theoret-
ical PSF template when calculating maximum likelihood estimation (MLE). Ref. [88
(FMMF) also uses SNR based methods. They include KLIP-induced distortion in the
match-filter template to estimate the signal intensity. The standard deviation is cal-
culated at each pixel while masking a disk with a 5-pixel radius centered on that pixel
from the annulus to prevent a planet from biasing its own SNR. Ref. 33 (PACO) uses

GLRT and uses the full-covariance rather than assume independent and identically
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distributed in the time dimension for the different frames. However, they assume the
covariance is the same under the two hypotheses (The null hypothesis (Hy) is that
there is no planet; the alternative hypothesis (H;) is that there is a planet.) and
thus calculate only one covariance. Moreover, this covariance is not derived from the
gaussian equation together with the signal intensity, and thus the result is not guar-
anteed to be MLE. Ref. [77 (STIM map) uses a Modified Rician distribution, which
is a heavy tail distribution compared to Gaussian, to model the speckles. Ref. 21
(RSM map) uses a Markov process to model the same pixel throughout the different
images. They claim the residual quasi-static speckles after ADI can be character-
ized by their mean and variance. Recent studies also take the detection problem as
a binary classification problem, using random-forest classifiers (SODIRF) and deep
neural networks (SODINN)[35]. However, these machine learning methods need very
large training sets, which are difficult to generate for unknown planet signals, and
require a heuristic tuning of hyper-parameters.

In this study, we also take the detection problem as a “hypothesis testing” problem
and use a Generalized Likelihood Ratio Test (GLRT). The null hypothesis (Hy) is
that there is no planet; the alternative hypothesis (H;) is that there is a planet. We
compare the posterior probabilities under the two hypotheses to decide whether to
reject the null. Instead of marginalization, we use MLE to first estimate the unknown
parameters and then use them to calculate the likelihood ratio. Using this ratio, even
when the maximum likelihood under the alternative hypothesis is low, we may still
have a strong detection as long as the ratio is high (i.e., the pattern is much less likely
from pure noise). Compared to other likelihood ratio tests, the GLRT can include
hypothesis tests which have unknown parameters in the two hypotheses. GLRT uses
MLE to estimate the unknowns and then calculates the maximum likelihood ratio.
In other words, the MLEs of the unknown parameters such as signal intensity and

background intensity, under both positive and negative hypotheses, are first required
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to be calculated. Then, a likelihood ratio test using the MLEs can be calculated and
applied to decide whether a signal has been detected.

For this work, as a demonstration of the detection method, we use a PSF template
as the underlying signal model to detect point sources (planets) in starshade images.
However, different signal models can be used and the later discussion of the detection
method is still valid; the only difference would be detecting signals with different
templates. This provides my methods with broad applicability to various observation
scenarios.

We first introduced the GLRT method for co-added images under Gaussian dis-
tribution and its preliminary results in Ref. [50. Then, we improved the method by
modeling PC images’ probability distribution directly from the detector model in
Ref. 54 We further analyzed the two methods with a comparison of different meth-
ods and receiver operating characteristic curves, and introduced a preliminary study
for cases with exozodiacal dust in Ref. 52, 53l In the following sections, we briefly
describe the underlying model for starshade images and introduce the general concept
of GLRT. Then, GLRT for co-added images is presented. We also extend the method
for cases with exozodiacal dust. After that, the improved GLRT methods working
directly with PC images is introduced. In this chapter, we also present performance
analysis for different methods and utilize the analysis to guide the choice of imaging

parameters.

4.1.2 Problem statement

The model for the noiseless image, i.e., the flux arriving on the detector, is
Nz N.U

i=1 j=1
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where M is the matrix for the noiseless image; @; ; is the matrix denoting the values
of a normalized PSF centered at (7, j); a;; is the intensity of the planet relative to
the normalized reference PSF at pixel (4, 7) in unit of Jy (the value is zero if there
is no signal at (4,7)); B is the matrix for background such as dust and light leakage
from starshade defects and star residual light and bias from the detector; N,, N, are

the number of pixels in the x and y axes.

Model for an image window

To approach the detection problem, we use the idea of divide-and-conquer. We assume
no overlapping signals in the image, so we are able to individually analyze smaller
image windows that are the size of the PSF core centered on each pixel one by one,
which will be called an image window from here on. In an image window with the
size of the PSF core, we can assume that there is only one planet signal. We also
assume the background is constant, which should be a reasonable assumption over a

small area. Thus, the model for a noiseless image window is:

s =ax+ (1, (4.2)

where s is the noiseless result.i.e., the input flux arriving on the detector; x is a
reference PSF core of the telescope centered in the area; « is the intensity of the
planet relative to the source intensity of the normalized reference PSF (If there is
no planet signal, « should be zero.); § is the background light (such as dust and
light leakage from starshade defects), and 1 is the identity matrix. We stack pixel
values in the target area into a column vector for easier mathematical manipulation
later. That is to say, s and © = (x1,--- ,2x)7 are column vectors (the subscripts
of x represent the pixel indices and K is the total number of pixels in a PSF core).

The model states that the area we are observing, s, contains a signal centered at the
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center of this area along with constant background light. If there is no planet signal,
a should be zero.

In real life, due to the randomness of photons and the detector noise, we wouldn‘t
be able to observe s directly, but rather collect the noisy image output from the
detector. Assume that N PC images have been collected, which is denoted as y =

1,-,yn}, and each PC image has K pixels ¥n = (Yn1, -, Ynx)’. The meanin
Yy Yy g Yy Yn, Yn, g

of indices and symbols are illustrated in Fig.

pC

Y21 | Y22

B III

Figure 4.1: Illustration for the variables in the model. K is the number of pixels in
each PC image (with the size of PSF core). N is the number of PC images.

The detection problem can be stated as: given the data set y, decide which of the

two hypotheses is true:

Hg ca=0
Versus (4.3)
Hl ey 7£ 0,

where the null hypothesis Hj is that no planet signal exists in the target area; the
alternative hypothesis H; is that a planet signal exists in the target area. Moreover, it

is a composite hypotheses testing problem, where not only « but also § are unknown.
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To decide which hypothesis is true, it is intuitive to compare the likelihood of H;

and Hy when y occurs. The likelihood ratio (also called odds ratio) is:

_ L(Hily)  PlH) [ [hi(p)he(p)P(yla = p, B = p)dpdu
OW) = Flioly) ~ Plyly) ~ [ha(u)Pla=0PEla=05=man Y

where hy(-) is the probability density function of the planet intensity, and hs(-) and
hs(-) are the probability density functions of the background intensity. We should
decide Hj is true if the odds ratio is larger than one [6]. However, since we have no
prior information about the probability distribution of the exoplanet intensity , or the
background light during detection, the posterior probability of the observation under
the two hypotheses cannot be calculated to decide which hypothesis is more likely.
One solution for this challenge is to use the maximum likelihood. We can conduct a
generalized likelihood ratio test (GLRT) or also called maximum-likelihood test, i.e.,
we determine whether there is an exoplanet signal based on the maximum-likelihood

ratio. We decide that H; is true if the maximum likelihood ratio,

maﬁxp(y’aa ﬁ? Hl)

R(y) = (4.5)

g Plyla = 0. 5 Ho)
is larger than a threshold. As we care most about « and 3, we only explicitly listed
these two parameters in Egs. egs. and . Under certain assumptions, there
are additional unknown parameters such as noise statistics, and they should be treated
in the same way as a and .

Here we introduce the odd ratio statement but do not mention the detailed prob-
ability expressions, which will be elaborated in the following sections. A Gaussian
model for co-added images is first discussed in Sec. and is further optimized for
cases with exozodiacal dust. Then, a more accurate model directly calculating the

probability for each signal PC image is presented in Sec. [.3]
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Model for the whole image

We have built a model for an image window that is the size of the PSF core above
and will introduce the corresponding detection and estimation method for the image
window in the following sections. In reality, an image much bigger than the size of a
PSF core will be examined for an unknown number of planets in unspecified locations.
Thus, the detection procedure described above is repeated for each image window (
a set of K pixels close together) across the whole image. For each pixel, we use
the image window centered at this pixel, that is to say, we test H;: there is a planet
centered at this pixel, against Hy: there is only constant background there. Repeating
the calculation for all the pixels in the image generates a log-likelihood ratio map for
the image. Then, we choose a false alarm rate and its corresponding threshold. By
comparing the map with the chosen threshold, signals would be detected. Illustration
of the idea described here and concrete examples are provided in the following sections.
They will help readers to better understand the idea and explain the details in the
methods during real application.

As we have shown in Chapter 3 the PSF changes with the distance away from
the starshade center. If we use only one PSF template in GLRT, normally the one
without a starshade, we can have a higher false alarm rate, worse position estimation,
and worse intensity estimation. Thus, we use a library of PSFs at different distances

from the starshade center for the GLRT model.
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4.2 Gaussian Generalized likelihood ratio test in a

co-added image

4.2.1 Detection for an image window

As mentioned in Sec. [3.5.2] the common practice is to add PC images together to
create a co-added image, which has a large enough dynamic range so the different
intensity of the sources can be well-reflected. Thus, I also focus on analyzing the
co-added images as the initial attempt.

As the time to take a set of PC images is not long (for example, 2000 s in my
example), the ground truth of photon flux arriving on the detector should be un-
changed. Moreover, the expected maximum flux rate is well within the detector’s
linear response regime. Therefore, the underlying linear model Eq. should be still
applicable when using the PSF template for co-added images. Furthermore, pho-
ton counts for the same pixel in different PC images are independent and identically
distributed(i.i.d), and the number of PC image to be added into a co-added image
is relatively large. Therefore, a Gaussian distribution for the photon counts in the
co-added image should be a good approximation for the noise due to the central limit

theorem. As a result, the model for an image window on a co-added image is:
Y=0X+0l+w, (4.6)

where Y denotes the image window on a co-added image; X the central core of the
PSF template for a co-added image; b is the background intensity in the co-added
image(because of the detector’s property, this value may not be the same as f in
the noiseless case); w denotes the Gaussian noise. As mentioned before, values are

stacked into column vectors. For easier manipulation, the local model can further be
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formulated in the matrix form:

X 1
XQ 1 (07
G = 0= | . (4.8)
b
Xk 1

where the noise w have mean zero and follow Gaussian distribution; 8¢ is the two
unknown parameters. The subscript G means Gaussian distribution The hypothesis

testing can also be rewritten in the matrix form as:

Hy:a0=A0gc =0
Versus (4.9)

Hy:a=A0g #0,

where A = [1,0]. As a result, we have K pixel values and K?+2 unknown parameters
including o, b and K? unknown elements in the noise covariance matrix under H;
and K? + 1 unknown parameters, i.e., S and K?/2 unknown elements in the noise
covariance matrix, under H,. The character of noise in each pixel is similar, so it is
reasonable to assume the noise is i.i.d. spatially. That is to say, we now only have
three unknown parameters, i.e., a, b and the variance o7 , under H; and two under
Hy, i.e., b and the variance o2 (for convenience, I directly use variance rather than

standard deviation as one variable here).
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The conditional probability of N images, y = {y1,--- ,yn}, can be written as

LG(0G7 O—é) - p(y|a, b7 Ué)

= p(Y|a, b, O'é)
K
= [ p(Yila. b, 02)
- (4.10)
1 1 &
- —— NV, — aX, —b)?
e (g o)

1 1
= Wexp <—E Y — G9G||2> :

As the data y are known and the parameters g, oZ are unknown, this probability
function is a likelihood function for the unknown parameters (so it is also denoted
as Lg(0g,c%) above). Taking the natural logarithm of both sides of Eq. (4.10), the

log-likelihood of the co-added image is

lc(0c,0%) = In(La(0c, 0%))

K
K K 1 2
= —5111(271') - ?ln(0G> 202 ;(Yk —aX; —b) (4.11)
K K 1

We maximizes the likelihood function (equivalently the log-likelihood function) to

find the Maximum Likelihood estimator:

(66,1, 6¢) = argmax lg(0g, o) - (4.12)
9g,aé

As a Gaussian distribution is used as an approximation for the true underlying
distribution, the estimation is called Gaussian quasi-maximum likelihood estimation
(QMLE). As long as the quasi-likelihood function is not oversimplified, the QMLE

is consistent and asymptotically normal. It is less efficient than the MLE, but may
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only be slightly less efficient if the quasi-likelihood is constructed so as to minimize

the loss of information relative to the actual likelihood [20]. The QMLE under H; is:

601 = (GTG)'GY (4.13)
which is equivalent to solving the optimization problem to get the estimation of O¢g:
ngicn Y — GO¢g||, . (4.14)
And the estimated variance under H; is:
o2 — %(Y GO (Y — Ghen) . (4.15)
Meanwhile, the QMLE under Hj is:
0o = 0c1 — (GTG) AT [A(GTG) ' A”T] ' (Ab.,), (4.16)
which is equivalent to solving the constrained optimization problem to get the esti-

mation of Og:

min||Y — GO¢||,
Oc

(4.17)
s.t. AOG = 0.
And the estimated variance under Hj is:
. 1 . .
of = (¥ — GO:0)T (Y — GOgy) . (4.18)

In the problem of parameter estimation, we obtain information about the unknown
parameters from the observed data of the random variables from the probability
distribution governed by the parameters. The Fisher information matrix is a way to

quantify the amount of information that the observable random variables carry about
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the unknown parameters. The definition of the Fisher information matrix is

I(¢) = Varg{Vi(¢)}

= —E4{V%(9)},

(4.19)

where the notation “Var” means the variance; “E” means expectation; ¢ is the vector
of unknown parameters and ¢ = (a, b, Jf)T for the alternative hypothesis H; here.

In the case here(a linear model), the Fisher information matrix reduces to [74]

—E (52kr) 0
Io() = 296190, 2 . (4.20)
o -2(35%)

Due to the block structure of I;(¢), the variance-covariance of éG,l can be estimated
by Ie_Gll [T4]where
;7 lc(8c.1,02)
%1 00g,0 05,

(4.21)
GG
=7
and we can also derive the confidence intervals for the QMLE[44]:
a+z (Igcl’l)n, (4.22)
and
b+ 2z (I, ez, (4.23)

where z is the appropriate critical value (for example, 1.96 for 95% confidence), and
the notation (I‘;1 )i means that we invert the matrix I first, and then take the
G,1 s

ii component of the inverted matrix. The variance of 67 is estimated by I'(63) [74]
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where .

_82 lc(0G.1,0%)
0(a1)? (4.24)
K

/\4 N
207

We use the QMLE’s and the generalized likelihood ratio in Eq. 4.5 becomes

_ P(Y|6¢,,0%; H))

RG(y) - A ~, 9
P(Y\HG,mUQU; Ho)

(4.25)

where Rg denotes the ratio under the Gaussian assumption; BAG,m, 0A2m are the max-
imum likelihood estimates of the planet intensity, background intensity vector and
the standard deviation of the noise under hypothesis H,, with m = {0,1}. With
the Gaussian assumption, we will be able to derive the expression of Rg(y) with the

known values in the model. To make the computation simpler, I use

T(y) = (K — 2)(Ra(y)* — 1)
= (K - 2)%;201 (4.26)

1
0L AT[A(GTG) AT Abg,
) YT(1x - G(GTG)'GT)Y

= (K —

which can be represented directly use the matrix multiplications of values in the model
as shown, rather than Rg(y) directly. H; is favored, i.e., a planet is more likely to

exist at the test location, if

T(y) >, (4.27)

where the threshold ~¢ is based on the chosen detection performance. The probability

of false alarms (false alarm rate, or false positive rate) Pra ¢ and probability of
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detection (true positive rate) Pp ¢ are given by

Prac= / p(ylHo),dy = Qr, ,_,(7c) (4.28)
T(y)>ve

P — / Pyl H)dy = Qr  0ey(7). (4.29)
T(y)>v ’

where Q is the probability of exceeding a given value; Fj x5 is an F distribution
with one numerator degree of freedom and K-2 denominator degrees of freedom; and
FY k_5(Ag) is a noncentral F distribution with one numerator degree of freedom and

K-2 denominator degrees of freedom and noncentrality parameter A\g [60]. Ag is given

by

B GCT;,lAT[A(GTG)*lAT]*lAOG,l

Aa
2
o¢

(4.30)

Y

where ¢, is the true parameter value under H; and aé is the true variance of the
noise. This tells us that the probability of a false alarm only depends on the threshold,
but the probability of detection depends on the planet intensity. The brighter the

planet is, the higher the detection probability.

4.2.2 Multi-signal detection in a co-added image

The method above detects a planet located at the center of an image window with
the size of PSF’s central core, i.e., the set of K test pixels. However, the number
and the locations of the potential planets are unknown, so to perform detection in
the whole image, I will traverse the whole image using the method. That is to say,
for each pixel, I utilize the image window centered at this pixel to calculate the T
value defined in Eq. [£.26] This procedure generates a T' value map for the image. By

comparing the T values with a chosen threshold, we get the detection result, and can
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use the center of the minimum bounding circle of the detected areas as the estimated
positions.

Two detection and estimation examples are presented in Figs. [4.2] and [£.3] Venus
is located at pixel (7,12), and Earth at (14,9). In Fig. the detection process is
demonstrated step by step with an image with perfect starshade. In the simulated
starshade image examples, I still use the Haystack model as input, but do not include
the exozodiacal dust. That is to say, there are the Sun, Earth, and Venus in the
images. The Sun is unnoticable due to the suppression of the starshade. Examples
of an image window are also shown in Fig. 4.2(b). The white box is of the size of
the PSF core. It is the image window used to calculate the T value and then decide
whether there is a planet at the position of the white asterisk, i.e., pixel (7,12). The
magenta box is for the magenta asterisk, i.e., pixel (8,14). Repeating the process, the
T value at each pixel and thus the T value map are generated for the whole image,
i.e. Fig. [4.2(c). When the pixel is at the boundary of the PSF in the image (one
example is the magenta asterisk in Fig. |4.2(b)), the image window only contains part
of the planet which is not centered at the pixel, so neither H; nor Hj is true and
the MLE of planet intensity can be negative sometimes. Thus, I set those negative
estimates as zero and thus 7" = 0. I then compare each T value with the chosen
threshold, and get a binary image as Fig. |4.2{e). Generally speaking, some pixels
next to the signal center will also be detected. Thus, to estimate the position of the
planet, I first find the convex hulls in the thresholded image and find the minimal
circle bounding each convex hull. The center of the circles will be the estimates for the
planets’ positions, which is also demonstrated in Fig. |4.2(e). The estimated planet

intensity is the MLE of a at the estimated planet position. In this work, I define

(Estimated Intensity—Real Intensity)

Intensity Error = Real Tntensity

In Fig. I demonstrate the GLRT’s ability to distinguish real signals from fake

ones by providing the detection result for an image with a starshade with truncated
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tips. This defect causes a bright spot in the image, which could be mistaken for
a planet. I still use the PSF templates of the perfect starshade for this truncated
starshade case, as we may not know the defect beforehand. GLRT successfully dis-
tinguishes Venus and Earth from the fake signal. The errors of intensity and position
estimation for these two examples are presented in Table. 4.1} The fake signal is close
to Venus, so the intensity estimation of Venus is degraded for the truncated star-
shade case. The pixel size of the images is 0.021 arcsec, so the position estimation is
accurate to the pixel level.
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Figure 4.2: Example of the GLRT detection on an image with perfect starshade and
without exozodiacal dust. (a) Noiseless image. It should be taken as the ground
truth for image processing of this example. (b) A corresponding image with detector
noise. Examples of image windows are also shown. The white box is centered on pixel
(7,12), marked by the white asterisk. The pixel values in the box form data a7, in
Eq. (4.6). The magenta box forms data xg 14 and is the case where the image window
is at the edge of the PSF. (c) The T values from Egs. in each pixel. (d) False
alarm rate map. (e) Binary detection image after thresholding. I apply a threshold of
0.7354 to the T map, which results in a 0.4 false alarm rate. The white circles are the
minimal bounding circles used to estimate the planet’s position. (f) The relationship
between threshold and false alarm rate from Eqs. 4.28|
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Figure 4.3: Example of the GLRT detection on an image with truncated starshade.
(a) Noiseless image. The defect on the starshade causes a bright spot that resembles a
fake planet. (b) Image with detector noise applied. (c) The T values from Egs. [4.26|in
each pixel. (d) False alarm rate map. (e) Binary detection image after thresholding.
I apply a threshold of 0.7354 to the T map, which results in 0.4 false alarm rate.
GLRT successfully detects Venus and Earth and ignores the fake signal in the image.

4.2.3 Performance analysis

To analyze the performance of the method, I also calculate the receiver operating
characteristic (ROC) curves for Venus and Earth shown in Fig. where I compare
the performance of GLRT for co-added images with different numbers of total images,
which is denoted as N. A ROC curve plots the relationship between true positive
rate and false alarm rate for different thresholds. It illustrates the diagnostic ability
of a binary classifier system as its threshold is varied.

Equation and Equation give the theoretical false alarm rate and true
positive rate under a Gaussian assumption, and are therefore only an approximation.
Moreover, as shown in Eq. , the calculation of the true positive rate needs the
value of the true variance, which we need to estimate. Thus, to more accurately
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Table 4.1: Intensity estimation error and position estimation error comparison be-
tween results in images using different starshades.

Intensity | Intensity | p o0 Brror Position Error
Starshade Error Error for V ( ) | for Earth ( )
for Venus | for Earth | 00 ¥ Ol \AHESEC) | 0T BATU Laresee
Perfect 1.5% 1.2% 3E-03 9.5E-03
starshade
truncated 920.5% 41% 3E-03 9.5E-03
starshade

demonstrate the detection’s performance, I use a Monte Carlo simulation. The sim-
ulated starshade images used in the calculation contains the Sun, Venus and Earth,
which is the same as in Fig. To calculate the ROC curves, I apply GLRT to
get the false alarm rate map for a set of different thresholds and record if it results
in detection or missed detection of Earth, Venus and a background pixel. I run a
large number of trials, which is denoted as ny.;qs, and record the ratio of detection
of Earth and Venus as the true positive rate for Earth and Venus, and record the
ratio of detection of the background pixel as the false positive rate. The confidence

interval (CI) of a proportion p is [25]:

. [p(1—p) [p(1—p
p J— Zl—’q/? u) p + Zl—n/? u . (431)
Nirials Nirials

They are also the confidence interval based on Fisher information. Thus, for a point

(Dfaise, Ppositive) o1 & ROC curve, I take the confidence interval using the two points:

. Drase(l — Draise) . Drositive (1 — Prositive)
Dfaise _Zln/2\/ false false , ppOSitiye+217n/2 positive positive

Nirials Nirials

(4.32)
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Figure 4.4: ROC with confidence intervals for Venus and Earth using GLRT with
different integration time. (a) ROC for co-added images each from N = 200 PC
images. The curves for an integration time of 10s overlaps with the plot’s boundary,
which indicates perfect detection performance. (b) ROC for co-added images each
from N = 700 PC images. (c¢) ROC for co-added images each from N = 2000 PC
images. The shaded region behind each ROC curve is its 95% confidence interval.

and

Nirials Nirials

5 Pratse(1 — Pratse) . Drositive(1 — Prositi
Dfaise + zl—n/Q\/ fa se( fa se)’ Prositive — 21—77/2\/ posi we( posi we)

(4.33)
where z1_,/2 is the upper critical value for the standard normal distribution with 7/2
area to the right of it. For each ROC curve, I apply these two boundaries to calculate
the shaded area as the confidence interval. ROC curves for Venus and Earth with
different numbers of PC images to combine into one co-added image N, (with different
integration times) are shown in Fig. . As can be seen, the confidence interval is
tight. As Venus is brighter than Earth, the performance for Venus is better than that
for Earth. Increasing the integration time has similar effect as increasing the planet
intensity because both increase the expected number of photons arriving on the pixel.
Moreover, the performance for both Venus and Earth is better with the more number

of PC images in the co-added image.
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4.2.4 Optimal number of PC images for one co-added image

As I mentioned before, the number of PC images to combine into one co-added image
N, is an important hyperparameter to be chosen before doing detection via most of
the methods. For example, GLRT’s performances vary with the number of PC image
for one co-added image, as shown in Fig. [£.4] With too small N, the true positive
rate and false alarm rate for the detection may not be desirable. With too big IV,
precious observation time would be wasted. To choose the best N, we can utilize the
ROC curves.

First, given integration time, three parameters need to be specified: the minimum
planet intensity to be detected, the maximum false alarm rate that can be accepted,
and the minimum true positive rate that is acceptable. Then, for a different N, the
ROC is calculated via Monte Carlo simulation. Finally, the minimum N that can
reach the requirements are chosen. For example, if we assume the dimmest planet
has the same intensity as Earth, the maximum acceptable false alarm rate is 0.16
and the minimum acceptable true positive rate is 0.85. The acceptable false alarm
rate, true positive rate pairs are in the shaded green region in Fig. I calculate
the ROCs with different N for integration time 1s and find that the ROC of N = 700
is the first one to reach the green region in Fig. [£.5] Thus I choose N = 700 as the
optimal number of PC images to be co-added into the final image.

An alternative way is to specify the minimum planet intensity to be detected
and the minimum area under the curve (AUC). Then, for a different N, the ROC is
calculated via Monte Carlo simulation. Finally, the minimum N that can reach the
requirement for AUC is chosen.

Furthermore, we can calculate ROC curves or AUC values for different ’integration
time’ and 'number of PC images’ pairs, and using the previous two methods to find

the best pair that has the minimum total observation time.
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Figure 4.5: ROC with confidence interval for Earth using GLRT with different N.
The horizontal green dotted line is the acceptable true positive rate (TP) and the
vertical one is the acceptable false alarm rate (FA) region. Thus, the acceptable true
TP and acceptable FA region is the shaded green area. The ROC with N = 700 is
the first ROC reaching the acceptable region.

4.2.5 Iterative generalized likelihood ratio test for exozodia-

cal dust

Exozodiacal dust is debris in the habitable zones of stars believed to come from ex-
trasolar asteroids and comets[85]. Though the true structure of exozodiacal dust is
unknown, as a first attempt, I simply assume it is axisymmetric, which is believed
to be a reasonable approximation for small dust grains [62]. The exozodiacal dust
can degrade the detection and estimation. When the intensity of exozodiacal dust is
similar to that of a target planet, the methods mentioned previously have difficulty
detecting the planet’s signal. For example, if we directly apply the GLRT method
for co-added images introduced in Sec. for Fig. [3.15(d), we get a confusing false
alarm rate map in Fig. [4.6(a); it is hard to distinguish Earth from the exozodiacal
dust. I develop here an iterative GLRT to tackle this problem. It is essentially an

Expectation-Maximization (EM) algorithm[27]. The planets’ signals and the exozodi-
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acal dust are both unknown and need to be estimated. However, it is hard to estimate
them accurately at the same time, and their estimation can influence each other. The
solution is to iteratively estimate either the planets’ signal or the exozodiacal dust
first, and then use the estimation as a known factor to estimate the other until both
estimates converge.

Similar to Secfd.2] T work on the co-added image. Then, the model for a whole

co-added image with exozodiacal dust is

Nz Ny

M(zy) =D loi; Xij(e,y)l +b(x.y) +d(z,y) + w(x.y)., (4.34)
i=1 j=1

where M is a whole co-added image (compared with M, a whole noiseless image;
Y, the image window on a co-added image.); «; ; is the intensity of the point source
located at (i,7); X, is the co-added PSF located at (7,7) (compared with x; ;,
noiseless PSF); d is the exozodiacal dust, which is also unknown; b is the background
light from sources other than the exozodiacal dust; w is the noise; (z,y) denotes
functions of position (x,y) (compared with functions of radius r later).

Though we only have N, N, data points (photon counts in each pixel), we have
3NN, + NgN; unknown parameters (signal intensity, background intensity, dust in-
tensity and covariance matrix of noise). To reduce the number of unknowns, I assume
that the dust is nearly axisymmetric, which may be a reasonable approximation for
small dust grains [62]. Thus,

Nx Ny

M(z,y) =Y Jai; X, y)] + bz, y) + d(r) + w(z,y), (4.35)

i=1 j=1

where r = /22 + y2. Then optimization equation for parameter estimation becomes

Nx Ny
min || M — oY Xl —b—dlls. (4.36)
Y i=1 j=1
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We can not directly split the whole image into smaller areas and do detection sepa-
rately like Eq. as the estimation of dust in one area also depends on other areas
at the same radii from the center. To tackle this, I split the estimation of signals and
exozodiacal dust into two steps. First, I take the median of the values for each radius
to estimate the dust. I use the median rather than mean to avoid the influence of the
existence of planet signals at some radius ( an example is shown in Fig. [4.6(b)). This

is equivalent to solving the optimization problem for each r:

d*(r) = arg,(rr;in 1M (r) — d(r)]]: . (4.37)

The % denotes the estimate of the corresponding parameter. Then, I subtract the

estimated exozodiacal dust from the co-added image,
M, =M — d*(r), (4.38)

so the resulting ﬁb should be the signals and background sources without exozodiacal
dust. An example is shown in Fig.4.6|c). Now, we can use the technique introduced in
Sec. . Applying GLRT on this image M, produces the T value map in Fig. (d)
and provides an estimation of the planets’ positions and intensities, as shown in
Fig. 4.6(e). The estimated planets are subtracted to get a better estimation of the
background, as shown in Fig. |4.6(f) and the process is repeated iteratively. The
procedure is summarized in Fig. [£.7) and the complete example is shown in Fig. [4.6]
In Table I summarize the intensity and position estimation error for the example.
The ROC curves are shown in Fig. The performance is undermined a little by

the dust, compared to that without dust.
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Figure 4.6: Example of iterative GLRT applied to Fig. [3.15(d). (a) T value map
for Fig. [3.15(d). (b) The median value for each radius of Fig. [3.15(d), i.e., the
exozodiacal dust estimation d* at initial step. (c¢) The residual M, after subtracting
d* from I, i.e., the residual after subtracting (b) from Fig. [3.15(d). It is the initial
estimation for the underlying image with only planets. (d) T map for (¢). (e) The
new estimate of planets S 0 Zj\]:yl [ ; P; j(x,y)]. After applying GLRT on (c) and
get detection, I also obtained the intensity and position estimation of the planets. (f)
Exozodiacal dust [, after subtracting estimated planet signals (e) from the original
image Fig. [3.15(d). (g) The dust estimation at the final step. (h) The final residual
M, i.e., the residual after subtracting (g) from Fig. (d) It is the final estimation
for the underlying image with only planets. (i) T value map for (h).

4.3 Bernoulli generalized likelihood ratio test for
photon-counting images

The previous section approximated the noise in co-added images by a Gaussian distri-

bution. In this section, we directly use the detector’s probability function derived in
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Figure 4.7: The flow chart describes the process of iterative GLRT. The blue box is
the initialization step.

Table 4.2: Intensity and position estimation error for Fig. [3.3(f) via iterative GLRT
methods

Planet | Intensity Error | Position Error

Venus | -5.9% 21 milli-arcsec
Earth | -38.3% 30 milli-arcsec

Sec. [3.5 which does not rely on a large number of PC images for co-added images. As

a result, measurements in each pixel in each PC image follow a Bernoulli distribution.

4.3.1 Detection for an image window
Signal estimation

As in Sec. [£.2.7] we examine an image window that is the size of the PSF’s central
core (the main part of a signal). We will explain how to apply the method on the
whole image, which is normally larger than the PSF core, in Sec. [4.3.2]

We begin with the simple model of the signal received by the detector. Given the

PSF shape, * = (z1,--- ,2x)7, the conditional probability of the n-th PC image,
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Figure 4.8: The ROCs for the iterative GLRT with 1s integration time. The ROCs
without dust with 1s integration time from Fig. are added here for reference. (a)
ROC for co-added images each from N = 200 PC images. (b) ROC for co-added

images each from N = 700 PC images. (c¢) ROC for co-added images each from
N = 2000 PC images.

Yo = Yn1s oo Yn )7, 18
K
pyala, B) = [J[L = flaws + B)' 0 flawy + B)+, (4.39)
k=1

where the function f(-) is the probability function of detecting a one value in Eq. .
The measurement in each pixel satisfies a Bernoulli distribution, and [1 — f(axy +
B)]} ¥k f (g, + B)Yn* is the probability for the measurement in the k-th pixel (for PC
images, the measurement is either one or zero). The probability for the whole image

is simply the product of the probability of every measurement. The interesting part
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is that the probabilities in different pixels are correlated because of the underlying
signal model in Eq. {.2
Furthermore, the conditional probability of N images, y = {y1, - ,yn}, can be

written as

Lp(0B) = p(yla, B)

Hp(yn|a7 B)

K

i
I

Il
—1=

k:1[1 — flawy, + B))' 70 f oy + )0 (4.40)

S
I
—

(1= famy + B f g+ f)Fnmr v

—-

£
Il
—

—-

1= flamy + B)]"0k faxy + B)™,

i
I

where Op is the simpler vector representation for the two unknown parameters (g)
, Nop = N — 25:1 Yni and Ny = 25:1 Ynk Tespectively represent the frequency
of zero and one occurring in N measurements of the k-th pixel. The equality N =
Noi + N1, holds for every pixel. As the data y is known and the parameters 8 are
unknown, this probability function is a likelihood function for the unknown parame-
ters (so it is also denoted as Lp(@p) above, where the subscript B means Bernoulli
distribution).

Taking the natural logarithm of both sides of Eq. (4.40]), the log-likelihood of the

series of measurements is

k=1
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To estimate o and /3, we can conduct a MLE based on Eq. (4.41]) by taking the

derivatives with respect to o and  and setting them equal to zero,

ol

N
n=1

N f(aU, + B)[1 — f(aU, + B)]
Kl,n_Kf(OéUn_FB) :0
Kf(aU, + B)[1 = f(aU, +B)]

=0
O ’

(4.42)
ol

B—KZf aU, +5)

where f/(s) = 4 (Ss). These equations can be solved for estimates of a and 5 using

a gradient descent method. We denote the solution as OABJ = (dBJ,BB’l)T. As
can be seen, the derivatives are weighted summations of the difference between the
measurements and the distribution means, where K f(-) and Kf(:)[1 — f(-)] are,
respectively, the mean and variance (the series of measurements follows a Binomial
distribution, since each measurement satisfies a Bernoulli distribution). According to
Fig. [3.13|(b), the function f'(s) is zero when s — +o00. That means that the method
neglects the difference between different intensities that are too large in the estimation
since the photon counting detector always gives 1 in these cases.

When solving for the MLE of 5 under Hy, we have an additional constrain o = 0.

That is to say, we solve

Zf G )

We denote estimation as [p.

For this model, the Fisher information matrix is

IB(HB) = VargB{VlB(OB)}

= —Eo,{V’I3(0B)},

(4.44)
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and

NYE 22 NSE 2,9
V25(05) = 2t W19 N 2 , (4.45)

NZkK:1 7Y NZkK:1g

and

g ! 2{—N1,kff'+(N+N1,k)f2f'—Nfsf’—fo'er---

TN )
A NP N f " = (N 4+ N f2 17+ Nf3f”}- (4.46)

For simpler notation, here f is f(ax, + B); f'is f'(azr + B); [ is f’(axy + 5) and
_ f(s)
f”(s) = &

With the Fisher information matrix, we can also derive the confidence intervals

for the MLE[44]:

~

6+ 20/ (Ip(0p0) i, (4.47)

and

A~

b+ Z\/(IB(éB,1)_1)22, (4.48)

where z is the appropriate critical value (for example, 1.96 for 95 % confidence), and
the notation (Ig(@51)');; means that we invert the Fisher information matrix first,

and then take the ii component of the inverted matrix.

Signal detection

The detection of an exoplanet signal is considered as a composite hypotheses testing
problem in the thesis. Due to the lack of prior knowledge of the parameters, similar

to the previous section, we can conduct a generalized likelihood ratio test, i.e., we
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determine whether there is an exoplanet signal based on the ratio

mazqp p1(ylo, 5)

matas oyl B)

mazas TS, flaze + 8)M4[1 — fom + B Yox

T mas 11, FB) L — F(A) (4.49)
- T, (g + BNkl — f(dray + By)) Vo

T, F(Bo)Nrx[1 — f(Bp)]Nos

Rp =

)

where po(+) and p;(-) are the probability under hypotheses Hy and Hy, respectively,
and the two maximal probabilities and the corresponding parameters (« and ) are
calculated using the estimation algorithm mentioned above. R is the generalized
likelihood ratio.

For easier calculation, we usually take the log of R, that is the log likelihood ratio.

Therefore the log-likelihood ratio is

K

'p = ZNO,kl”[l — flapzp + 33,1)] + Nygln|f(apixr + 33,1)]
k=1 (4.50)

— Nogln[l = f(Bpo)] + Nign[f(Bso)] -

In a real space mission, we can conduct sequential detection while sequentially collect-
ing images. After receiving every new image, we update the test ratio in Eq. ;
when rg > my or rg < mr, we conclude Hy or Hy is accepted and stop taking new
images, otherwise we take a new image and repeat the detection procedure, where 7
and 77, are thresholds chosen beforehand.

The thresholds can be determined according to users’ desired true positive and
false alarm rates. According to Wilks’ theorem, the probability distribution of 2Rpg
under Hy, i.e., twice the ratio, is approximately a chi-squared distribution with one
degree of freedom[I10]. There is no simple closed-form theoretical solution for the true
positive rate and false alarm rate given a threshold for this model, so we numerically

calculate them via Monte Carlo simulation. Given a planet intensity users want to
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detect and the number of PC images that they plan to take, they can numerically
compute the true positive and false alarm rate for each threshold using this detection
algorithm. They can choose a desirable true positive and false alarm rate value pair
and thus its corresponding threshold. Details on choosing the appropriate threshold
are given in Sec. [£.4]

We simulate a signal (signal only) with intensity le-8 Jy (for reference, Venus
is 2.99e-8 Jy and Earth is 4.85e¢-9 Jy if viewed from 10 pc at 0.552 pm) and run
multiple trials to get the statistics of the method’s performance, shown in Fig. 1.9
The Bernoulli GLRT method correctly estimates the intensity of the signal quickly.
The value of the log-likelihood ratio is high and increases quickly with the increasing
number of observations. This means that it is possible to confidently detect the
existence of a signal with just a few images and the more observations the larger the

gain in confidence for the detection.

4.3.2 Multi-signal detection in an image

The method described in the Sec. is for an image window with K pixels. In
reality, an image much bigger than the size of a core will be examined for an unknown
number of planets in an unspecified location. Thus, the detection procedure is re-
peated for each set of K pixels across the whole image. This generates a log-likelihood
ratio map for the image. The process is the same as described in Sec. but using
the new method in each image window. We also demonstrate the performance of the
sequential GLRT detection method on simulated starshade images.

Though the method is applied to each PC image separately rather than on a co-
added image, there is insufficient space to show all PC images one-by-one here. Thus,
to give readers a sense of what the data look like, the co-added images are shown in
Figs. m (a), (b) and (c). Their corresponding log-likelihood ratio maps given by
Bernoulli GLRT are shown in Figs. [£.10](d), (e) and (f). To decide the exact position
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Figure 4.9: Statistics of the maximum likelihood planet intensity estimation from
100 trials. The blue solid line is the average of all trials with an increasing number
of observations and the blue dashed lines are the sample standard deviation band.
(a) The log-likelihood ratio with an increasing number of observations. The more
images that are available, the bigger the log-likelihood ratio is. Thus, the greater
the confidence of the existence of a true signal. (b) The estimated intensity with the
increasing number of images. The red solid line is the true intensity. The red dashed
lines are the 5% error band. The blue dashed line is the standard deviation band.
The method results in a good estimate.
of the signal, after thresholding the log-likelihood map, we will just choose the center
of the detected area’s circumscribed circle as the position of the planet. An example
is shown in Fig. My method detects the existence of the signals quickly and
separates them from the background successfully. The more observations, the larger
the gain in confidence for the detection.

The changes of log-likelihood ratio at Venus, Earth and a background pixel at
(5,5) after each observation are shown in Fig. As the figures demonstrate, my

method can detect the existence of the signals quickly and separate them from the

background successfully.
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Figure 4.10: Results of the new Bernoulli GLRT. (a) Co-added image with 50 sequen-
tial PC images for Figll.2(a). (b) Co-added image with 200 sequential PC images for
Figlt.2(a). (c) Co-added image with 700 sequential PC images for Figll.2(a). (d) Log
likelihood ratio of each pixel using the 50 sequential PC images in Fig[4.10|(a). (e) Log
likelihood ratio of each pixel using the 200 sequential PC images in Figld.10{(c). (f)
Log likelihood ratio of each pixel using the 700 sequential PC images in Fig[4.10|e).
The change of Log likelihood ratio of Venus, Earth and a background pixel with
increasing number of observations is shown in Fig

4.3.3 Early stopping for observation when no planets exists

As shown in the previous examples, the Bernoulli GLRT successfully detects a planet
even for short integration times. Another important problem is to know when to stop
when no detection is made so time wasted on a system with no planet is minimized.
As no closed-form analytical solution for Bernoulli GLRT can be derived among false
alarm rate and intensity and number of PC images, which will define the total time
needed, it is impossible to solve for the time needed to reach a specific false alarm rate
given the planet intensity via inverting a function. Instead, I will rely on numerical

calculation via Monte Carlo simulation.
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Figure 4.11: Example of position estimation. Binary detection image after threshold-
ing the log-likelihood ratio map in Fig. |4.10[e) with a threshold of 5 . The red circles

are the minimal bounding circles of the detected area. The centers of the circles can
be used to estimate the planet positions.
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Figure 4.12: Log likelihood ratio of Venus, Earth and a background pixel at (5,5)
with increasing number of observations for Figld.2)(a) using Bernoulli GLRT.

The procedure is the same as choosing the optimal number of PC images for a
co-added image in Sec. [4.2.4] First, three parameters are specified: the minimum
planet intensity to be detected, the maximum false alarm rate that can be accepted,

and the minimum true positive rate that is acceptable. Then, for a different number
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of images, the ROC is calculated via Monte Carlo simulation. Finally, the minimum
number of PC images that can reach the requirements are chosen. For example, if we
assume the dimmest planet has the same intensity as Earth, the maximum acceptable
false alarm rate is 0.16 and the minimum acceptable true positive rate is 0.85. The
acceptable false alarm rate, true positive rate pairs are in the shaded green region
in Fig. 4.13] T calculate the ROCs with different numbers of PC images and find
that the 200 PC images’ ROC is the first one to reach the green region, as shown in
Fig. [£.13] Thus, after taking 200 PC images and if there is still no signal detected,
the telescope system could move on to observing another target star with confidence
there is no planet. For the same three parameters chosen, we need 700 PC images
for the Gaussian method as shown in Sec. [£.2.4] which is more than 2 times of the
number for the Bernoulli method. This demonstrates the Bernoulli model utilizes the

information more efficiently than the Gaussian model.

4.4 Comparison of methods

We have introduced a GLRT method that was applied to co-added images generated
from the combination of many frames. That method assumed the values in each
pixel followed a Gaussian distribution, so the summation of frames was necessary in
order to build enough signal in each pixel for the Gaussian assumption to be valid. [
then introduced an alternative: the Bernoulli distribution in the new SGLRT method
works for single PC images, which makes it easier to use online as it can process even
a few PC images.

The underlying relationship between the probability in the Bernoulli distribution
and flux intensity can be derived theoretically based on the detector model or directly
measured in an experiment. No approximation is used and thus the method is accu-

rate and efficient at extracting information. In Figs.[4.14] (a),(b) and (c) I show the T
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Figure 4.13: ROC curves with confidence intervals for Earth using Bernoulli GLRT
with different number of PC images. The horizontal green dotted line is the acceptable
true positive rate (TP) and the vertical one is the acceptable false alarm rate (FA)
region. Thus, the acceptable true TP and acceptable FA region is the shaded green
area. The ROC curves with 200 PC is the first ROC reaching the acceptable region.
map using the Gaussian GLRT for the co-added images of Fig. [4.10] As the T value
defined in Eq. is a proxy for the log-likelihood ratio that is easier to compute,
the absolute value of T should not be compared with the log-likelihood ratio directly.
Instead, attention should be paid to the relative difference of T values between the
signals and the background. Fig. shows that the T map is noisier than the log-
likelihood map from the Bernoulli GLRT. The corresponding false alarm rate for the
T value of Venus and Earth for the three cases are in table [4.3] We generally have
higher confidence using Bernoulli GLRT.

The above comparison indicates that the Bernoulli model for PC images con-
tributes to the performance improvement. To further analyze the contribution from

GLRT, we also compared the Bernoulli GLRT with the performance of detection

based on SNR from our Bernoulli model. With the MLE of signal intensity and esti-
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mated standard deviation of the MLE derived from the Fisher information matrix in
Sec. we define their ratio as the SNR from our model. We will refer to this SNR,
definition as Bernoulli SNR (BSNR). For each pixel, we utilize the image window cen-
tered at it and calculate the estimated signal intensity and the standard deviation.
Then, we calculate the ratio. After repeating the process for all the pixels in the
image, we obtain a BSNR map. The BSNR maps for the three example co-added
images in Fig. [4.10| are shown in Fig. to help visually compare the performance
with the BGLRT method.

50 PC images 200 PC images 700 PC images
2
6 25
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ko) 4 o)
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Figure 4.14: Results of a Gaussian based GLRT for images in Flg- ) T value

of each pixel for the co-added image with 50 sequential PC images for Flg-
(b) T value of each pixel for the co-added image with 200 sequential PC images for
Flg- ) T value of each pixel for the co-added image with 700 sequential PC

images for Flg-(c .

Table 4.3: False alarm rate (FA) for the cases in Fig. 4.10| using Bernoulli GLRT
(BGLRT) and Gaussian GLRT (GGLRT)

Case Venus Venus Earth Earth
BGLRT | GGLRT | BGLRT | GGLRT
Fig. |4.10(a) | 0.326 0.655 0.076 0.110
Fig. |4.10(b) | 0.000 0.002 2.000e-04 | 0.004
Fig. |4.10(c) | 0.000 0.000 0.000 0.000

I also compared the Bernoulli GLRT with the performance of the detection method

based on the SNR map implemented in pyKLIP[I0§]. For each pixel, the algorithm
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Figure 4.15:  The SNR map based on the Bernoulli model for images in Fig. [4.10]
(a) The SNR map of each pixel for the co-added image with 50 sequential PC images
for Fig. [£.10[a). (b) The SNR map of each pixel for the co-added image with 200
sequential PC images for Fig.[4.10b). (c) The SNR map of each pixel for the co-added
image with 700 sequential PC images for Fig. [1.10c).

masks its surrounding pixels within the signal area in question (I chose the size of
signal area as the size of PSF core) and then computes the standard deviation using
the rest of pixels in concentric annuli. The ratio of the pixel value and this standard
deviation as SNR value at this pixel. The width of the annuli used is the diameter
of the PSF core in this paper. Repeating the process for all the pixels in the image
generates a SNR map. The SNR maps for the three example co-added images in
Fig. are shown in Fig. to help visually compare the performance with the
GLRT methods.

To further demonstrate the different properties of the methods, I compare their
ROC curves for the detection of Venus and Earth. It is difficult to analytically
derive a closed-form relationship between the false alarm rate and true positive rate
and the threshold chosen in the new Bernoulli GLRT, unlike my previous GLRT,
which assumes Gaussian noise. Thus, I use Monte Carlo simulations, using multiple
thresholds for each simulation, to calculate the ROC curves, shown in Fig. The

simulated starshade images used in the calculation contains the Sun, Venus and Earth,
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Figure 4.16: The SNR map from the pyKLIP package[108]
for images in Fig (a) SNR of each pixel for the co-added image with 50
sequential PC images as shown in Fig[4.10[a). (b) SNR of each pixel for the
co-added image with 200 sequential PC images as shown in Fig[l.10[b). (c) SNR of
each pixel for the co-added image with 700 sequential PC images as shown in

Fig[4.10](c).
which is the same as in Fig. [1.2)(a) (and thus Fig. [4.2|b) is a concrete example used in
Monte Carlo simulations ). I compare the performance of the methods using different
numbers of total images N. I apply the Bernoulli GLRT on the set of images and
obtain the log-likelihood ratio map; I also apply the Gaussian GLRT to get the false
alarm rate map. We also apply Bernoulli SNR and SNR from pyKLIP on the images.
I apply a set of different thresholds with the resulting detection or missed detection
of Earth, Venus and a background pixel. I run a large number of trials, which is
denoted as 14415, and record the ratio of detection of Earth and Venus as the true
positive rate for Earth and Venus, and record the ratio of detection of the background

pixel as the false positive rate. The confidence interval of a proportion p is given by

egs. (4.32)) and (4.33). For each ROC curve, we also calculate the confidence interval

shown as the shaded areas in Fig. [4.17 The confidence interval is standard Monte
Carlo statistics, which is detailed in the Appendix. As can be seen in Fig. the

confidence interval is tight.

89



For Fig. [4.17(a), I ran 5000 trials with 50 PC images generated for Venus and
Earth in each trial. The Bernoulli GLRT and Bernoulli SNR were applied to the 50
PC images sequentially; the Gaussian GLRT and SNR from pyKLIP were applied to
the co-added image of the 50 PC images. Results for different decision thresholds were
recorded and combined into the ROC curve. For Fig. [4.17(b), I ran 5000 trials and
200 PC images for each trial. For Fig. [4.17(c), I ran 2000 trials and 700 PC images
for each trial. The performance for Venus is better than Earth when I use the same
method and the same number of PC images. One reason is that Venus is brighter than
Earth. Moreover, Venus is further away from the star at the center, so the influence
from the residual starlight is smaller compared to that for Earth. The performance
for both Venus and Earth using either method is better with more images. It is easy
to understand that the method performs better with more information, i.e., more
images. Furthermore, the Bernoulli GLRT outperforms my previous method. ROC
curves using the SNR map are also calculated, shown in Fig. 4.17l The calculation
uses the same set of images as the ones used for all three methods. Generally speaking,
the Bernoulli GLRT also outperforms the other methods.

For easier comparison, I also list the area under the ROC curve (AUC) for all
the curves in Table. {.4 AUC is an aggregate measure of performance across all
possible thresholds. It can be interpreted as the probability that the model ranks
a random positive example higher than a random negative example. AUC is 1 if
the model’s decisions are all correct and 0 if all wrong. More comparisons of GLRT
with Gaussian assumption and the SNR method can be found in my other work[52].
Overall, Bernoulli GLRT outperforms GLRT with Gaussian assumption and the SNR

method.
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Figure 4.17: Receiver operating characteristic curves with confidence interval for
Earth and Venus detection with the four different methods. ‘BGLRT’ means the
result used the Bernoulli GLRT, which processes each PC images sequentially using
the GLRT based on a Bernoulli distribution. ‘BSNR’ means the detection method
based on our Bernoulli SNR, which utilizes the final MLEs from our Bernoulli model
and estimated standard deviation from Fisher information matrix. ‘GGLRT” in the
legends means the result used the Gaussian GLRT, which processes co-added images
and assumes Gaussian noise. ‘SNR’ means the detection method based on SNR
implemented in pyklip, which is applied to co-added images . The shaded region
behind each ROC curve is its 95% confidence interval. (a) ROC curves using 50 PC
images calculated from 5000 trials. (b) ROC curves using 200 PC images calculated
from 5000 trials. (c¢) ROC curves using 700 PC images calculated from 2000 trials.

Table 4.4: Comparison of area under the curve (AUC) for BGLRT, BSNR, GGLRT
and SNR method from pyKLIP[108].

Venus | Venus | Venus | Venus | Earth | Earth | Earth | Earth

BGLRT | BSNR | GGLRT | SNR | BGLRT | BSNR | GGLRT | SNR
50PC | 0.8697 | 0.9594 | 0.8205 0.8224 | 0.6991 | 0.7488 | 0.5753 0.5991
200PC | 0.9999 | 0.9996 | 0.9878 0.9714 | 0.9392 | 0.9002 | 0.7245 0.6953
700PC | 1 1 1 0.9993 | 0.9970 | 0.9920 | 0.9401 0.7159
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Chapter 5

Conclusion and future work

5.1 Conclusion

In this thesis, I describe my process for simulating realistic starshade images and
preliminary study of signal detection and estimation in starshade images, which no
previous work has looked into.

Realistic starshade image simulation is an important and necessary first step for
performance validation and testing image processing and signal detection methods
for starshades. I demonstrate my ability to generate realistic starshade images. I
include factors such as real scale, astronomical scene, starshade manufacturing and
deployment errors, and the special detector model: PC mode using EMCCD. T in-
troduce the concept of ROI, which helps speed up the simulation process. From the
simulation results, we know that even small shape defects on a starshade may result
in confusing bright spots similar to planets.

With the starshade images, we are able to investigate signal detection and esti-
mation. Previous work on PC image processing for the most part only uses co-added
PC images, so I also start with a detection method for a co-added image. The core

detection and estimation part is done by GLRT under the assumption of Gaussian
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noise. First, estimates of unknown parameters are obtained by QMLE. Then, the T
value, a proxy of the likelihood ratio which is easier to compute, with respect to esti-
mated parameters is calculated. After comparing the T with a chosen threshold, we
get the detection results. For cases with exozodiacal dust, I split the process into two
parts: dust estimation and signal estimation and use GLRT iteratively. The GLRT
method successfully and efficiently flags potential planets with a concrete false alarm
rate. It can help distinguish planet signals from artifacts caused by small starshade
shape errors, such as a truncated petal tip. In addition, I provide guidance to choose
the best number of PC images to combine into one co-added image. It utilizes the
ROC curves and will help utilize the observation time efficiently.

Due to the limitation of a Gaussian as an approximation for the noise distribution
in the image, Gaussian GLRT introduces detection performance improvement but not
drastically, compared to the SNR method commonly used in high-contrast imaging.
Therefore, I introduce an improved version of the GLRT method based on a detector
model for individual PC images rather than an approximation, which more accu-
rately represents the noise characteristics and improves the detection performance.
This method directly works with each PC image, so there is no need to choose the
number of PC images to combine into one co-added image. I showed that such a
method outperforms our GLRT method for co-added images under a Gaussian noise
assumption, and the SNR method commonly used in high-contrast imaging. We also
compare the BGLRT with the BSNR, which also uses the estimation results from our
Bernoulli model. The BGLRT and the BSNR have similar performance (The BGLRT
is a little better in most cases) and are better than other methods, which indicates the
performance gain in detection is mostly the result of improved model for the imaging
process. Furthermore, this method also provides the maximum likelihood estimate of
exoplanet intensity and background intensity. This approach maximizes the utiliza-

tion of information presented in each observation. I applied this method to simulated
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starshade images and successfully detected the existing planets. Directly processing
the PC images online helps allocate the observation time efficiently. We can compare
the log-likelihood ratio with thresholds chosen beforehand after each observation and
stop accordingly. As we can decide the existence or lack of a planet efficiently in this
way, we can move to other planetary systems if there is no planet or make sure that
enough information is gathered if there is a planet. Besides the observation time, the
analysis of detection performance introduced could also give quantitative guidance
on the choice of imaging parameters, such as the threshold of the PC mode. Similar
to GLRT under the Gaussian assumption, we can also use BGLRT iteratively to deal
with the dust.

The two models and detection methods (the Gaussian model for co-added images
and the resulting GLRT, and the Bernoulli model for PC images and the resulting
GLRT) are general models and detection methods that can be significantly expanded
for different applications. The likelihoods in different pixels are related by the un-
derlying template for signals we want to detect, i.e., a PSF template plus constant
background as in Eq. in my work. Thus, the resulting GLRT decides whether
such a template exists in the observed area. However, this is just one particular ap-
plication example of the model and the method. By replacing the signal template,
different forms of signals can be chosen to appropriately match the observation sce-
nario; the remaining steps in the derivation and the application of the two detection
methods are the same. Possible applications include signal detection in PC images
from ground-based telescopes and medical imaging. In this work, I present the itera-
tive GLRT assuming face-on, uniform exozodiacal dust, but the same concept can be
applied to more detailed models of the dust structure or other global features in the

image.
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5.2 Future Work

First, the methods introduced in this work assume non-overlapping signals. When two
signals overlap, the light distribution in the image window centered on the signals will
be distorted. This violates the hypothesis that the image area contains a PSF-shaped
signal and constant background. Therefore, the estimation and detection performance
may be influenced. If there is not too much overlap, the intensity estimate for both
signals will be higher than the true values and the position estimate will biased
towards each other. If the signals are close enough, the algorithm may consider them
as one signal. Future work can look into solving this problem by expanding the image
area and modeling overlapping signals. Moreover, astronomers can take another set
of images after a while, because the signals’ relative positions are likely to change and
will separate.

Second, this work presents two cases of the background: locally constant back-
ground and axisymmetric dust. In the case of non-uniform background, the algo-
rithm’s performance depends on how well we know the non-uniform background.
The current algorithm finds the signal looking like the PSF template against the
uniform background in an image window of the size as PSF core. We traverse the
whole image by checking the PSF-core-sized area one by one. Thus, the assumption
of the algorithm is that the background is locally constant but can be non-uniform in
the whole image. If the non-uniform background changes slowly spatially, a locally
constant background may still be a good approximation and the detection will not be
influenced much. If we have zero knowledge about the distribution of the bright back-
ground close to the planets, the results are affected by the distorted signal. However,
if we have some knowledge about the nonuniform background, we can accommodate
it in the model. For example, it is a reasonable approximation to assume the face-on

exozodiacal light is axisymmetric, which is discussed in Sec. [4.2.5]
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Third, in this work, due to the short time needed to take enough images, I assume
that the positions of the light sources are fixed. Future work can include the dynamics
of the planetary system. It can be useful for investigating follow-up observations to
confirm the detection.

Fourth, when experimental images of sub-scale starshades with different light
sources are available, we can test the methods on the experimental data.

Future work can be done to further improve the methods performance. First, post-
processing may improve the performance. This thesis tests all the methods on raw
images without post-processing. How various post-processing techniques influence the
detection and estimation deserves detailed investigation. Second, the performance of
the detection methods can be further improved if we have prior knowledge about the
probability distribution of the planets’ intensity, which may be available after future

exoplanet surveys.
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