
Moment of Inertia Integrals (I)
Consider a long thin uniform rod (e.g., a meter stick) that we will rotate about an axis passing through its center and perpendicular to its length. We will calculate the moment of inertia of this rod by using the formula   
I = ∫ dI = ∫ r2 dm
 where r is the distance of the mass dm from the axis of rotation.

The method you should use is:

• draw a diagram showing your object and the axis of rotation.
• Choose the coordinate system that you think will be best to use
• pick a “slice” (or piece), dm, at constant distance from the axis of rotation -- which is not at the middle or the end of your object -- and show that distance on your diagram

• get an expression for dm in terms of a small element of whatever coordinate(s) you have chosen


dm =  dx    for linear objects,  where  is the mass/ length and dx is a small element of length


dm =  dA    for 2- dimensional objects where  is the mass/area and dA is a small element of 
area (which will have to be expressed in terms of your coordinates, too)
• substitute for  dI  in your integral formula

• do the integral
(1) Calculate I for a long thin rod (meterstick) about an axis perpendicular to the rod, passing through its center of mass. Express this moment of inertia as a function of its length L and mass M. As a check, compare your result to the table in the book.
What do you have to change in the previous calculation to find the moment of inertia for this same rod about an axis passing through the end of the rod?  The new axis is parallel to the first. Quickly do this and check your answer using the parallel axis theorem.
(2) Now consider the rod to be nonuniform with a mass/length given by (x) = (x/L).
Before you start calculating, what does this variable mass density mean in a physical sense?  How might you construct such a rod?

(a) Find the total mass of this rod.

(b) Determine the moment of inertia of the rod about an axis passing through the end at x=0.
How does this result compare to that of a uniform rod pivoted about one end?  Is this result reasonable? 

How would the moment of inertia compare if the rod were pivoted about the other end?

Moment of Inertia Integrals (II)
(1) Calculate I for a disk of mass m and radius R.  Here, the issue is how to cut the disk up into small segments for which all of the mass is at the same distance from the axis.  Then, over what variable do you have to integrate?
(2) Calculate I for a thin square plate about an axis perpendicular to the plane of the plate and passing through the center of mass. The plate has an edge length a, a uniform mass/area and a total mass M.  After you have completed your calculation, compare your answer to that in the book for a rectangular plate.
(3) A more challenging problem for the real overacheiver! 

Using your result from the previous calculation, how do you think you could find the moment of inertia of a pyramid with a base measuring a by a and an altitude h?Make the axis of rotation perpendicular to the base and have it to pass through the apex of the pyramid. Of course, the pyramid is of uniform mass density mass/ volume)
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